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Abstract 

We study non-linear a models whose target spaces are the Higgs phases of supersym- 
metric SO and U Sp gauge theories by using the Kahler and hyper-Kahler quotient con- 
structions. We obtain the explicit Kahler potentials and develop an expansion formula to 
make use of the obtained potentials from which we also calculate the curvatures of the 
manifolds. The 1/2 BPS lumps in the U{1) x SO and U{1) x USp Kahler quotients and 
their effective descriptions are also studied. In this connection, a general relation between 
moduli spaces of vortices and lumps is discussed. We find a new singular limit of the lumps 
with non-vanishing sizes in addition to the ordinary small lump singularity. The former is 
due to the existence of singular submanifolds in the target spaces. 
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1 Introduction 



The target space of the A/" = 1 and M = 2 supersymmetric non-hnear sigma models (NLaM), 
with four and eight supercharges, must be Kahler |T] and hyper-Kahler [2], respectively. By 
using this fact, the notion of the hyper-Kahler quotient was first found in physics [31 H] and 
was later formulated mathematically [5]. (We recommend Ref. [6] as a review for physicists). A 
U{1) hyper-Kahler quotient [3] recovers the Calabi metric [9] on the cotangent bundle over the 
projective space, T*CP^~^, while its U{Nc) generalization leads to the cotangent bundle over 
the complex Grassmann manifold, T*Gn,Nc PI- hyper-Kahler manifolds also appear in the 
moduli spaces of Bogomol'nyi-Prasad-Sommerfield (BPS) solitons such as Yang-Mills instantons 
[T0l[TTl[T2] and BPS monopoles [13]. The hyper-Kahler quotient offers a powerful tool to construct 
these hyper-Kahler manifolds: instanton moduli spaces [10] and monopole moduli spaces [T4] . 
Gravitational instantons [T5l [T6] , Yang-Mills instantons on gravitational instantons and toric 
hyper-Kahler manifolds [18] are all constructed using the hyper-Kahler quotient. 

The Higgs branch of A/" = 2 supersymmetric QCD is hyper-Kahler. The low energy effective 
theory on the Higgs branch is described by an A/" = 2 NLaM on the hyper-Kahler manifold 
[T9l [TJ [20]. In the cases of an SU{Nc) or a U{Nc) gauge theory with hypermultiplets charged 
commonly under f/(l), the explicit metrics on the Higgs branch and their Kahler potentials are 
known explicitly. The latter is nothing but the Lindstrom-Rocek metric [1]. A U{1) x U{1) 
gauge theory with three hypermultiplets of certain charges for instance gives the space: T*F„ 
with Fn being the Hirzebruch surface [21]. The Higgs branches of quiver gauge theories are 
gravitational instantons and Yang-Mills instantons on gravitational instantons [151 IE] • However, 
to our knowledge, the ones of an SO ot a USp gauge theory has not been explicitly derived yet 
(except for 50(2) ~ f^(l) and USp{2) ~ SU(2)), which was an open question in [6]. 

The first purpose of this paper is to explicitly construct the metric and its Kahler potential on 
the Higgs branch of A/" = 1 and Af = 2 supersymmetric gauge theories with gauge groups SO{Nc) 
and USp{2Mc) or U{1) x SO{Nc) and f/(l) x USp(2Mc). The vacua oi U = I supersymmetric 
gauge theories are determined by the D-term condition, D = 0, while those of A/" = 2 theories 
are determined by both the D-term and the F-term conditions, D = F = The moduli space of 
vacua is obtained by the space of solutions to these constraints modulo gauge groups, {D = 0} /G 
and {D = F = 0} /G for A/" = 1 and M = 2 models, respectively. In the superfield formalism, 
solving the D-ieim condition and modding out the gauge group G, can be done simultaneously 
because the gauge symmetry is in fact complexified to G^. As a bonus the Kahler potentials are 
directly obtained in the superfield formalism. Although the D-ieim. conditions of SU{Nq) and 
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U{Nc) gauge groups can be solved in components easily, those of SO{Nc) and USp{2Mc) are 
difficult to solve. To our knowledge this has not been done yet. We use the superfield formalism 
to solve the D-teim conditions for SO{Nc) and USp{2Mc) gauge groups by introducing a trick. 
Namely, we relax the algebra of the vector superfields V from so(A'^c) and usp(A^c = 2Mc) 
to u(A''c) and then introduce a Lagrange multiplier to restrict the algebra of V to so{Nc) and 
u5p(2Mc). We then successfully solve the superfield equations to obtain the resultant Kahler 
potentials. 

There exists another method to obtain the moduli space of vacua, which is more familiar in 
the literature; It is an algebro-geometrical method in the geometric invariant theory [22], in which 
one prepares holomorphic gauge invariants made of the original chiral superfields and looks for 
algebraic constraints among them. This method has been widely used in the studies of A/" = 1 
supersymmetric gauge theories [23l[2ll[25]. See [261 [27] ioi recent developments. In particular in 
Ref. [27], the moduli spaces of vacua of A/" = 1 supersymmetric SO{Nc) and USp{2Mc) gauge 
theories are found to be Calabi-Yau cones over certain weighted projective spaces. According to 
us, a weak point of the geometric invariant theory is that one has to solve algebraic constraints 
among invariants in order to calculate geometric quantities such as the metric and the curvature 
etc. 

Compared with this situation our method provides the Kahler potentials directly. We rewrite 
them in terms of holomorphic gauge invariants. Furthermore, we calculate the metrics and the 
curvatures by expanding the Kahler potentials. We confirm that a singularity appears in the 
moduli space of vacua when the gauge symmetry is partly recovered, as expected. We then 
study the case of U{1) x SO{Nc) and U{1) x USp{2Mc) gauge theories. Finally, we calculate 
SO{Nc) and USp{2Mc) hyper-Kahler quotients and obtain their Kahler potentials explicitly. 
Although only the lowest dimensional case USp{2) ^ SU(2) has been known so far [6j, the 
higher dimensional cases are new. 

We find explicitly the Kahler quotients for both the A/" = 1 and some of the M = 2 theo- 
ries with SO and USp gauge groups, however, at the classical level. For the M = 2 case we 
are in good shape due to the well-known non-renormalization theorem on the Higgs branch by 
Argyres-Plesser-Seiberg [7], which leaves the results of the metric and Kahler potential quantum 
mechanically exact. The situation is not quite so good in the M = 1 case. Quantum corrections 
are to be considered, except in the compact directions of the Nambu-Goldstone modes (up to 
overall constants: pion decay constants) which is indeed consistent with the low-energy theorem 
of Nambu-Goldstone modes. Along the non-compact directions parametrized by quasi-Nambu- 
Goldstone modes the corrections are out of control and can render rather large. All in all, the 
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total Kahler potential is correct only (semi-)classically for the A/" = 1 case and it will take the 
form 

K = f{h,l2,...) , (1.1) 

with la being invariants and / some function. In the case of A/" = 1, U{Nc) theories, some 
quantum corrections has been considered in the literature |8] . To this end, we emphasize that the 
metric and Kahler potential was until now unknown, even classically and the first step has been 
taken, which of course leaves the quantum corrections as an important and interesting future 
calculation to grasp. 

The second purpose of this paper is concerned with sigma model lumps, or sigma model 
instantons. A lump solution was first found in the 0(3) sigma model, or the CP^ model [28] . 
It was then generalized to the CP" model [29], the Grassmann model [30], and other Kahler 
coset spaces [3l]. Lumps are topological solitons associated with 7r2(M) with M being the target 
Kahler manifold. Their energy saturates the BPS bound of the topological charge written as 
the Kahler form of M pulled-back to the two-dimensional spaced The lump solutions preserve 
half of supersymmetry, when embedded into supersymmetric theories. The dynamics of lumps 
was studied [33] by the moduli space (geodesic) approximation. Lumps are related to vortices in 
gauge theories as follows. U{1) gauge theories coupled to several Higgs fields often admit semi- 
local vortex-strings [3l]. In the strong gauge coupling limit, gauge theories reduce to NLaMs 
whose target space is the moduli space of vacua in the gauge theories, and in this limit, semi- local 
strings reduce to lump-strings. For instance, a U{1) gauge theory coupled to two charged Higgs 
fields reduces to the CP^ model, while the semi-local vortex-strings in Ref. [M] reduce to the 
CP^ lumps [35] . In the gauge theories at finite coupling, the large distance behavior of semi-local 
strings is well approximated by lump solutions. The sizes or widths of semi-local strings are 
moduli of the solution in the BPS limit, and accordingly, the lumps also possess size moduli. 
When the size modulus of a semi-local string vanishes, the solution reduces to the Abrikosov- 
Nielsen-Olesen (ANO) vortex [36] which is called a local vortex. This limit corresponds to a 
singular configuration in the NLaM, which is called the small lump singularity. Lumps and semi- 
local strings are also candidates of cosmic strings, see e.g. Ref. [37], and appear also in recent 
studies of D-brane inflation etc. |38j . 

Recently, there has been much progress on non-Abelian vortices in U{Nc) gauge theories [39l 
Bo] . These vortices are naturally 1/2-BPS in A/" = 2 supersymmetric theories. When the number 

^ In the case of hyper- Kahler manifolds there exist triplets of complex structures and Kahler forms. Accordingly 
it has recently been found that there exists a BPS bound written by the sxim of three different Kahler forms to 
three different planes in the three dimensional space [32j . 
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of flavors A'^p is equal to the number of colors Nq, the theory admits local non-Abelian vortices. 
Each of them carries orientational moduli CP^'^"^ in the internal space. The determination of 
the full moduli space of multiple local vortices with arbitrary positions and arbitrary orientations 
were achieved in field theory [41] by introducing the method of the "moduli matrix" [l2l H3] . 
All the moduli parameters are contained in the moduli matrix, which is a holomorphic matrix 
of the same size as the Higgs fields, and the moduli space has been shown to coincide with the 
one [HHl 111] conjectured in string theory. The dynamics of two non-Abelian vortices has been 
studied in the moduli space approximation [15| by using the general formula for the effective 
action of BPS solitons [16]. Many interesting aspects of non-Abelian vortices are reviewed in 
Refs. im HHl Ho]. For instance, monopoles (Yang-Mills instantons) become kinks [50l [51] 
(CP^'^~^-lumps [511 [52]) in the effective field theory of a vortex-string. Intriguing is also the fiux 
matching between non-Abelian vortices and non-Abelian monopoles and the applications are very 
interesting in the connection with non-Abelian duality etc. [531 [H]. Furthermore, non-Abelian 
vortices in A/" = 1 supersymmetric theories have been studied in Refs. [51]. A dyonic extension 
of non-Abelian vortices has been studied recently in Ref. [55] . 

In the case of a U{Nc) gauge theory, semi-local vortices exist when the number of fiavors Np 
is larger than the number of colors A^'c [56]. At strong gauge coupling, the U{Nc) gauge theory 
reduces to the Grassmann sigma model on GrNp,Nc = SU{Np)/[SU{Nf — Nq) x SU{Nc) x 
U{1)]. It has been demonstrated in Ref. [57] that non-Abelian semi-local strings in a U{Nc) 
gauge theory reduce to the Grassmann lumps at large distance. One interesting aspect of these 
lumps (semi-local vortices) is the (non-)normalizability of zero modes. It has been shown in 
Ref. [56] that all moduli parameters of a single lump are non-normalizable except for its position 
moduli. Orientational moduli in the internal space for local vortices are in fact non-normalizable 
in this case. However, in the limit of vanishing size modulus, normalizable orientational zero 
modes appear [57]. More interestingly, for /c = 2 lumps (semi- local vortices), their "relative" 
orientational moduli are normalizable although their "overall" orientational moduli are non- 
normalizable [57] . 

After the discovery of the U{Nc) non-Abelian vortices [391 [IQ], one remarkable new develop- 
ment is an extension to vortices in U{1) x SO{Nc) gauge theories [58] and U (1) x G' gauge theories 
with an arbitrary simple group G' [59]. This was done by imposing G' invariant constraints on 
the moduli matrix, and the conditions for the local vortices in these theories have been found. 
In this paper we focus on BPS lumps related to semi-local vortices in the U{1) x SO{Nc) and 
U{1) X USp{2Mc) gauge theories, which is the second purpose of this paper. We make a connec- 
tion between the lump moduli spaces and the vortex moduli spaces and on this course, introduce 
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the moduli matrix, in which we have the formahsm to exphcitly construct 1/2 BPS lumps in the 
class of U{1) X G' gauge theories. The explicit examples we make are with U{1) x S0{2Mc) and 
U{l)xU Sp{4:). Interestingly, there is a crucial difference between the U (Nc) and U{1) x SO{Nc) 
or f/(l) X t/ Sp{2Mc) theories, which is that in the latter two, even for Np = Nc, semi-local vortex 
strings appear which is not the case for U{Nc). 

We examine the (non-)normalizability of the moduli parameters of lumps in the U{1) x 
SO{Nc) and U{1) x USp{2Mc) Kahler quotients. In the case of a single lump solution, all 
moduli parameters in both the models are non-normalizable except for the center of mass. This 
is parallel to the case of the U{Nc) Kahler quotient [56], 157] . 

This paper is organized as follows. In Sec. [2] we will make a short review on the SU{Nc) 
and U{Nc) Kahler quotients and also the U{Nc) hyper-Kahler quotient while we will turn our 
attention to the SO{Nc) and USp{2Mc) and also f/(l) x SO{Nc) and f/(l) x USp{2Mc) Kahler 
quotients in Sec. [3], furthermore construct the metrics, an expansion of the metric around their 
vacuum expectation values and compute the corresponding curvatures. Then we make use of the 
technology with some explicit examples. Finally, we lift the construction to the hyper-Kahler 
quotient case of SO{Nc) and USp{2Mc) gauge theories. In Sec. H] will consider the NLcjM lumps, 
first by general considerations of gauge theories with U{1) x G' gauge groups with G' being an 
arbitrary simple group. Then we make a connection between the moduli spaces of the lumps in 
these theories with the moduli spaces of the vortices. Finally, we construct the lumps with the 
target spaces which we constructed in Sec. [3l make effective descriptions of those, and identify 
the non-normalizable modes. In Sec. [5] we conclude and discuss further developments. Moreover, 
we have left various theorems and proofs used in the text for Appendix [Aj a uniqueness proof in 
Appendix [Bl and a deformed Kahler potential for USp{2Mc) in Appendix O 

2 The SU{Nc) and U{Nc) (Hyper-) Kahler Quotients: 
A Review 

2.1 The SU{Nc) and U{Nc) Kahler Quotients 

Let us first give a brief review on the SU (Nq) Kahler quotient. We start with the A/" = 1 SU{Nc) 
supersymmetric Yang-Mills theory with Np chiral superfields Q (i.e. an A^c-by-A^p matrix) in the 
fundamental representation of SU{Nc)- Denote the SU{Nc) vector multiplet by a superfield V, 
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then a Kahler potential for the system is 



Ksu{Nc) = Tr 



QQ'e 



(2.1) 



We have used a matrix notation and the trace is taken over the color indices. The Lagrangian is 
invariant under the complexification of the gauge group, SU{Nc)'^ = SL{Nc,C), given by 

Q ^ e^^'g , e^' ^ e^'^'e^'e-*^" , e'^' E SU{Ncf . (2.2) 

We do not consider any superpotentials here. 

As is well-known, the kinetic term of the vector supermultiplet J (PO W°'Wa/4:g'^ +c.c. includes 
a so-called D-term potential in the Wess-Zumino gauge, in which SU{Nc)'^ is fixed to SU{Nc) 

Vn = ^ [D^f , = Trp (QLT^Q^.) , (2.3) 

where T"^ are SU{Nc) generators and Qwz is Q in the Wess-Zumino gauge. The vacuum condition 
= (D-flatness) allows both for an unbroken phase and the Higgs phase. It implies that 
QwzQltz oc Ijy^ holds in the vacuum. On the Higgs branch (rankQwz = Nq), the gauge fields 
acquire masses of the order g (Q) by the Higgs mechanism. If we restrict ourselves to energies 
much below the mass scale, we can omit the massive gauge fields. In order to get a low energy 
effective theory, it will prove useful to consider a limit where the gauge coupling is taken to 
infinity: g ^ oo. In this limit, the vector multiplet becomes infinitely massive and looses the 
kinetic term. Thus, it reduces to merely an auxiliary field. At the same time the D-term potential 
forces Qwz to take a value in the vacuum = 0. Thus, the low energy effective theory is a 
non-linear sigma model (NLaM), whose target space is the vacuum of the gauge theory 

Msu{Nc) = {Qwz I QwzQL Inc , rankg„, = Nc] /SU{Nc) . (2.4) 

The real dimension of the manifold is 2iVcA^F - {Nq^ - 1) - (A^c^ - 1) = 2A^c(A'f - A'c) + 2. 

Before fixing the complexified gauge symmetry SU{Nc)'^, for example by the Wess-Zumino 
gauge as above, we can take the strong coupling limit. This gives another description of the 
non-linear sigma model. The Lagrangian consists of only one term i.e. Eq. fl2.ll) . We do not 
have the D-term conditions anymore, however, instead we have the complex fields Q and the 
complexified gauge group SU{Nc)'^- The target space is expressed by 

MsuiNc) = {Q I rankg = Nc}//SU{Ncf . (2.5) 

In order for this quotient to be well-defined, the action of SU{Nc)'^ must be free on Q. Namely, 
the gauge symmetry should be completely broken, thus we are going to study the full Higgs 
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phase. The complex dimension of the manifold is NqNf — (Nq'^ — 1) = Nc{Np — Nq) + 1, which 
coincides with the dimension of (12. 4p . The two expressions (12.41) and (12.51) of the target space 
are identical. One can find a relation between them by solving the equations of motion for V. It 
determines the traceless part as QQ^e"^' oc Iat^. Taking TrV^' = into account, V is uniquely 
determined as 

v = logggt _ 1 i^^iogdet(gQt) ^ (2.6) 

iVc 

if and only if rank Q is the maximum, which means the full Higgs phase. Then we find an explicit 
map from the quotient (12. 5p to the vacuum configuration (12. 4p : 

Qwz = e-^'/2g = [det(ggt)] -^=Q • (2.7) 

There exists still another way to express the same NLaM. As explained above, the target 
space is nothing but the classical moduli space of vacua of the original supersymmetric gauge 
theory. As discussed in Ref. [22] it can be described by holomorphic invariants of the complexified 
gauge group. Hence, the Kahler potential on the NLaM should be expressed in terms of such 
holomorphic invariants. The holomorphic invariants of SU{Nc)'^ are the baryon operators 

^(^i-^ivc) = detg(^^-^'^c) = e*i-^^cg./i ...g.^^^^c, (2.8) 

where g(^^'"^'^c) denotes an A'^c-by-A'^c minor matrix of A^c-by-Ap matrix Q as (g^'^^)i = Qi"^^- 
We often abbreviate the label {Ai ■ ■ ■ Aj^^) as {A). The important point is that all the i?^"^^'s are 
not independent and they satisfy the so-called Pliicker relations 

Furthermore, the condition for having the full Higgs phase requires that at least one of the 
5(-4>'g jjiust take a non-zero value. Actually, we can reconstruct Q modulo SU{Nc) gauge 
symmetry by solving the Pliicker relations with one non-zero B^^'^ as the starting point. That is, 
the holomorphic invariants with the Pliicker relations give us the same information as the two 
descriptions above. Hence, the target space is also expressed as 

MsuiNc) = {B^^'^ I Pliicker relations dH} - = ,V(A)} . (2.10) 

Let us show the metric on the target space. It can be derived from the Kahler potential (12.11) 
and is represented by 



KsuiNc) = Nc [det(ggt)] -c = iVc I 5^ | . (2.11) 

(A) 




The appearance of the A'^cth root reflects the fact that the f/(l) charge of the invariants is Nq, 
as we will see soon. Notice that the (partial) Coulomb phase (det(QQ''") = 0) shrinks to a point 
of the target manifold from the point of view of the NLaM and a trace of this fact is seen as 
the ZtVi^ conifold singularity at that point. In a simple example with A'f = Nc, one can find the 
NLctM on an orbifold C/Zjvc- At the singularity, the vector multiplet becomes massless and the 
gauge symmetry is restored. We have to take all the massless fields into account there, namely 
we cannot restrict ourselves to the NLaM, but we have to return to the original gauge theory. 

This singularity (that is, the Coulomb phase) is removed once the overall U (1) phase is gauged 
and the so-called Fayet-Iliopoulos (FI) parameter C, (> 0) [60] is introduced for that U{1). Let us 
consider a U{1) x SU{Nc) gauge theory. Still we neglect the kinetic terms associated with the 
vector multiplet, such that the vector multiplet is an auxiliary superfield. The Kahler potential 
is given by 

KumsuiNa) = Tr [QQte-^eg-yj + ^y^ ^ e-'^^KsuiNc) + , (2.12) 

where Vg is a U{1) vector supermultiplet and the chiral fields Q have U{1) charge +1. The 
D-flatness condition for the overall U{1) implies that QwzQwz = j^'^Nc- The target space of 
the NLctM becomes a compact space; the complex Grassmannian manifold Mu{i)xsu{Nc) = 
GrTVp.iVc ^ SU{Nf)/[SU{Nf - Nq) x SU{Nc) x ?7(l)]i As in the case above, we have three 
different representations 

Muii)>csuiNc) = {Qwz I QwzQL = ]|:l^c} / iU{l) X SU{Nc)) 
= {Q I rankg = Nc} //{U{1) x SU{Nc)f 

= {{B^^^ I Pliicker relations (EH])} - {B^^^ = ,V(A)}) //U{lf . (2.13) 

A relation between Q^z and Q is also found here by solving the equations of motion with respect 
to V and Vg. The solution for V is the same as Eq. (12.61) and the f/(l) part is then written as 

V, = \og{r'KsuiNa)) ■ (2.14) 
Then the map from the quotient space to the vacuum configuration is given by 



^ The U{Nc) Kahler quotient construction of the Grassmann manifold was first found in Ref. [6T] in the 
superfield formalism. 
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The third expression in Eq. (12.131) shows the Pliicker embedding of the Grassmannian space into 
a bigger space, the compk 
can now be expressed by 



a bigger space, the complex projective space CP" with n = ^^|(j()^ljy^-)i — 1- The Kahler potential 



KuiD.suiNa) = ^logdet (ggt) = _|_iog \B(^)f . (2.16) 

^ ^ \{A) J 

The 1/A^c factor in front is the (inverse) U{1) charge of the invariant B^^K The FI parameter 
plays an important role: it forces the gauge symmetry U{1) x SU{Nc) to be fully broken, namely 
it hides the singularity at the origin, where the gauge symmetry is recovered. 

The Grassmannian manifold is one of the Hermitian symmetric spaces. NLaMs on all Hermi- 
tian symmetric spaces can be obtained by imposing proper holomorphic constraints from F-terms, 
by which Hermitian symmetric spaces are embedded into CP^^~^ or the Grassmannian manifold 
162]. 



2.2 The U{Nc) Hyper-Kahler Quotient 



One can easily extend the above Kahler quotient to the hyper-Kahler quotient by considering a 
natural M = 2 supersymmetric extension. Here we study the U{1) x SU{Nc) case. The Kahler 
potential and the superpotential are given by 



Ku{l)xSU{Nc) 

w 



Tr 
Tr 



QQT. 



(2.17) 
(2.18) 



respectively, where we have introduced N-p hypermultiplets (Q, Q^) in the fundamental represen- 
tation of U{Nc) ^ U{1) X SU{Nc) and U{Nc) vector superfields {V, S) = {V + KItvc S). The 
complexified gauge transformation is given by 



Q ^ e'^Q , Q^Qe 



-iA 



A G GL{Nc,C) -(2.19) 



The target space of the corresponding NLaM is a hyper-Kahler manifold, namely the cotangent 
bundle T*GrNp,Nc over the complex Grassmannian manifold Gr^p^N^, endowed with the Lind- 
strom-Rocek metric [Ij. Let us obtain the Kahler potential with respect to Q, Q without choosing 
the Wess-Zumino gauge. The equations of motion for S and V are 



QQ = 



iVc 



(2.20) 
(2.21) 



9 



The first equation implies that Q is orthogonal to Q. The rank of Q must be A'^c due to the 
positive FI parameter ^, while Q can be zero. Therefore Q {Q = parametrizes the base space 
GfNY,Nc with the total space being the cotangent bundle over it. Let us count the complex 
dimensions of the target space: NqNy + NpNc — Nq^ — Nq^ = 2Nc{Np — Nc) where the first 
subtraction is the U (Nq)'^ quotient and the second is the number of conditions given in Eq. fl2.20p . 
In order to solve the second matrix equation, we first multiply by \/QQ^e~^ from the left and 
by \fQQ^ from the righjfl, such that the matrix equation becomes Hermitian 

v/ggtgtg^/ggt = , X = ^^^^ ■ (2.22) 

iVc 



Therefore, using det QQ'^ ^ 0, we find the solution 

V = -log 



' X- ' 



with X = -i-l^^ + ^vWQ^OvW+^liVc • (2.23) 

We will now switch to another description i.e. using holomorphic invariants. We have the 
following invariants of the SU{Nq)^ gauge group 

= detQ<^> , M = QQ , (b^a) = detQ(^)) . (2.24) 

In addition to the Pliicker relations for the B^^'^^s, there are constraints on the mesonic invariant 
M 

j\^^[^i5(A2-A^c+i]) = , B^^'-^^c-^^') Ma'^ = . (2.25) 

Furthermore, B^^'^ (and -B(a)) are only defined up to U{1)'^ equivalence transformations. After 
reconstructing Q from (some) non- vanishing B^^\ we can reconstruct Q from the first condition 
and find the constraint QQ = from the second. Therefore, these invariants and their constraints 
describe the same target space, T*GrNp^Nc- Plugging back the solution fl2.23p into the Kahler 
potential (12.171) . we obtain the Kahler potential in terms of these invariants [H [6] 

Ku{l)xSU{Nc) = Ku{l)xSU{Nc) (2.26) 



In, + -^MM^ - log l^vp + Wljvp + ^MMt 



^ Note that the square root and the logarithm is uniquely defined for positive (semi-)definite Hermitian 
matrices. This point might be missed (at least in this context) in the physics literature so far. 
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We have used A'^A = MM^^ and the cychc property of a trace, i.e. for A = ^/QQ^Q^ 

Tr [f{AA^) - fiONanNa] = Tr [f{A^A) - /(O^vjl^p] • (2.27) 

This relation can be easily proved by expanding the function / around AA^ = O^c- Recall that 
the logarithm and the square root of a positive (semi-)definite Hermitian matrix can be calculated 
by diagonalization and therefore the cyclic property works not only for polynomial functions but 
for any function /(x). 

The hyper-Kahler quotient construction of the cotangent bundle over the Grassmann manifold 
has been reviewed here. For A'^c = 1? the U{1) hyper-Kahler quotient reduces to the cotangent 
bundle over the complex projective space, T*CP^^~^ [3], endowed with the Calabi metric [9]. 
The explicit Kahler potentials of the cotangent bundles over the other Hermitian symmetric 
spaces have recently been obtained by a rather different method [63]. It is an open question if 
these manifolds can be obtained as a certain hyper-Kahler quotient or not. 

We will not repeat the derivation of the SU{Nc) hyper-Kahler quotient here. Explicit ex- 
pressions can be found in the literature, see for instance [6l |6lj. It gives the cotangent bundle 
over the SU{Nc) Kahler quotient derived in the last subsection. 



3 The SO{Nc) and USp{2Mc) (Hyper-) Kahler Quotients 

3.1 The SO{Nc) and USp{2Mc) Kahler Quotients 

The Kahler potential for an SO{Nq) or a USp{2Mc) gauge theory is given by 



Kso,usp — Tr 



QQ^e-^' , (3.1) 



where V takes a value in the so(A^c) or usp(2Mc) algebra. The /^-flatness conditions in the 
Wess-Zumino gauge are 

= Trp (gL^^Qwz) = , (3.2) 

with Ta being the generators in the Lie algebra of 5*0 or U Sp. 

Instead of solving these equations explicitly, we will here discuss the breaking pattern of the 
gauge symmetry and the fiat directions. For this we will use both the gauge and the global 
symmetry as is usually done. The vacuum expectation value of in the case of SO{Nc) can 
be put on the diagonal form after fixing both the local and the global symmetries as [21] 



Q^z^^'^^ = i^NcxNc^ Oncx{Nf-Nc)) ! with Atvj^xatc = diag(ai, 02, ■ ■ ■ , aATj^) , (3.3) 
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where we have taken a normal basis for the SO{Nc) group, namely g^g = 1^^. Here all the 
parameters are taken to be real and positive, which indeed parametrize the flat directions of 
the Higgs branch. In generic points of the moduli space of vacua with non-degenerate Oj, the 
gauge symmetry is completely broken and the flavor symmetry U{Np) is broken to U{Np — Nq). 
The moduli space of vacua can be locally written in generic points as 

•^-<«»' - X . (3.4) 

Here the discrete unbroken group (^2)^*^"^ has elements of Nc-hj-Nc diagonal matrices in the 
SO{Nc) group elements acting from the left, which have an even number of —1 elements with the 
rest 1, in addition to the same matrices embedded into the U{Np) group acting from the right. 
We see that the space is of cohomogeneity A'^c, of which the isometry is U{Np) and the isotropy at 
generic points is U{Nf — Nc). The coordinates of the coset space U{Np)/U{Np — Nq) correspond 
to Nambu-Goldstone (NG) modes of the broken flavor symmetry, whereas the coordinates {oj} 
of the fiat directions M^q correspond to the so-called "quasi-Nambu-Goldstone" modes [65] . The 



quasi-NG modes do not correspond to a symmetry breaking but are ensured by supersymmetry. 
In general, the unbroken flavor symmetry, namely the isotropy of the space, changes from point 
to point depending on the values of the parameters (the quasi-NG modes) a^'s. When two 
parameters coincide, Oj = aj, {i 7^ j), a color-flavor locking 5*0(2) symmetry emerges. In such 
degenerate subspace on the manifold, the above coset space attached to M>o shrinks to one with 



less dimension; Mso{Nc) ~ K>o^^ x c/( jVp - jVc) xsoll) x (Za )^c -2 general, when (z = 1, 2, 
and ^j^j < A^'c) parameters among coincide, the symmetry structure of the moduli space of 
vacua becomes 

MsoiNa) - K>o X f/(iv, _ Nc) X n. 50(n.) x (Z2)^o-i-EK-i) ' ^^.S) 

The most symmetric vacuum, when all parameters coincide, is realized as 

This breaking pattern of the flavor symmetry is the one of non-supersymmetric SO{Nc) QCD 
|69j . The unbroken flavor symmetry in non-supersymmetric QCD is in general further broken 
down as in Eq. (13.41) or (13.51) in supersymmetric QCD. 



^ Some quasi-NG modes change to NG modes reflecting further symmetry breaking. This change of quasi-NG 
and NG modes was pointed out in Ref . [66j . It was also observed in the moduli space of domain walls [67] and of 
non-Abelian vortices [SHIj where quasi-NG modes correspond to the positions of solitons. Here the notation "k" 

is used for a local structure of the bundle F k B with a fiber F and a base space B. This is not globally true; 

# 
>o 



once some values of M*g change, the coset space changes in general 
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No singularities appear in the moduli space even when the parameters coincide unless they 
vanish. The existence of the quasi-NG modes is strongly related to the emergence of the Coulomb 
phase. When one Oj vanishes, the NG part becomes U{Np)/U{Np — Nc + 1) but the gauge 
symmetry is still completely broken. Accordingly, no singularities appear. However, when any 
two of the Oj's vanish, an 5*0(2) subgroup of the gauge symmetry is recovered and the NG part 
becomes U {Np)/U{Np — Nq + 2). (One expects a singularity on the manifold in the limit of two 
vanishing a^'s). Thus, in the Higgs phase with completely broken gauge symmetry, the rank of 
Qwz has to be greater than Nq — 2. In this paper we consider this latter case, the models with 
Nf>Nc- 1. 

For the USp{2Mc) case it is known that the fiat directions are parametrized by j25l [20] 

Qwf^^^^^*^^ = I2 ® (^AfcxAfc OMcx(AfF-Mc)) ; (3-7) 

where the number of flavors is even A^f = 2Mf. Even in generic points with non-degenerate {at}, 
color-flavor symmetries USp{2Y'^'^ ~ SU(2)^^^ exist in the vacuum. Therefore, the moduli space 
of vacua can be locally written in generic points as 

except for submanifolds where the coset space shrinks. The resulting space is of cohomogeneity 
Mc- Again, when rii {i = 1,2, ■■■ , and Ui < Mq) parameters among coincide, the symmetry 
structure becomes 

KA j$Mc+2j:,ni{ni-l) ^(^f) 

Musr>mo) - ^>o X f/(Ar, _ 2Mc) x f/5p(2)^^o-E,n. ^ Y[^USp{2n{) ' ^^'^^ 

The most symmetric vacuum, when all parameters coincide, is realized as 

Mvs,mo) - ^>o X f/(iv, _ 2Mc) X USp{2Mc) ' ^^'^^^ 

whose breaking pattern is the one of non-supersymmetric USp{2Mc) QCD. There are no singu- 
larities unless one of the parameters vanishes. In the case of USp{2Mc) the complete broken 
gauge symmetry needs Mp > Mq. 

Next we explicitly construct the Kahler potentials from the moduli space of vacua. The D- 
flatness conditions fl3.2p . however, are rather difficult to solve f] Without taking the Wess-Zumino 
gauge, we can eliminate the superfield V directly within the superfield formalism by using a trick. 
To this end we note that V satisfies det(e~^') = 1 and 

V'^J + JV' = Q ^ e-^'^Je-^' = J. (3.11) 



^ To our knowledge the -D-flatness conditions are not solved in the case of an SO or a C/ Sp, Af — 1 supcrsym- 
metric gauge theory. 
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Here the matrix J is the invariant tensor of the SO or USp group, g^Jg = J with g G 
SO{Nc), USp{2Mc), satisfying 

[ -1 for USp{Nc = 2Mc) . 
We can choose the form of the invariant tensor J af_ 

Jmc = i . J^^"" ) ' -^^Mcodd = I i^"" ^ I , (3.13) 

where the last tensor is for the SO{Nc = 2Mc + l) case. We will use these conventions throughout 
the paper unless otherwise stated. 

We are now ready to eliminate V' using the following trick. Let us first consider V' taking 
a value in a larger algebra, namely u(A^c) and then introduce an A^c-by-A'^c matrix of Lagrange 
multiplierj^ A to restrict V to take a value in the 5o{Nc) or the usp{Nc = 2Mc) subalgebra: 

QQte-^' + Afe-^'"je-^'- j)l , (3.14) 



Kso,usp — Tr 

where Q are Np chiral superfields as earlier and V is a vector superfield of U{Nc). The added 
term breaks the complexified gauge transformation to S0{Nc),USp{2Mc) and the equation of 
motion for A gives the constraint (13.111) which reduces the Kahler potential (I3.14p back to (13. ip . 
Instead, we will take another path and eliminate V. The equation of motion for V takes the 
form 

QQ^e-^' + {X + eX^) J = , (3.15) 

where we have used (13. lip . Combining (13151) with its transpose: e"^' Q*Q'^ + J(A + eA^) = 0, 
then A can be eliminated: 

QQ^e-^' =e^'j^Q*Q^J . (3.16) 

Furthermore, in order to make the equation Hermitian, we multiply by \/QQ^e~^' from the left 
and by \/QQ^ from the right as in the previous case 

X'' ={Q^J^QQ^y (q'^J^/W) . X = v/ggte-'^yW • (3.17) 



^ Two arbitrary choices of the invariant tensor are related by an appropriate unitary transformation u : 
J' = u^Ju. Correspondingly, the elements of the gauge group for different choices of the invariant tensor are 
related by g' = u^gu. See Appendix lA.il 

Hermiticity of A is defined so that Ae~^ ^ J is a vector superfield, that is, A''' = ^ JXe~^ ^ J. 
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This equation uniquely gives a positive definite matrix X, by means of its square root. We can 
tlius uniquely obtain V from this X, if and only if the holomorphic invariants M = Q^JQ satisfy 
rankM > A'^c — 2, that is, if and only if the vacuum is in the full Higgs phase. See Appendix [B] 
for a uniqueness proof, in the case of rankM = A^c — 1- It is possible to switch to Qwz from Q by 
the complexified gauge transformation Qwz = u'~^Q with u'u'"^ = e^' . Without using an explicit 
solution for V, we obtain the Kahler potential of the NLaM 

Kso,usp = TrX = Tr^ (q^Jy^^ (Q^JVQQ^ ■ (3.18) 

Thus we have obtained the explicit Kahler potentials. 

Now we can naturally switch to another expression for this NLaM in terms of the holomorphic 
gauge invariants. With the help of Tt\/AAJ = Tr-pV A, one can rewrite the Kahler potential 
fIXTSD as 

^sofjsv = TrpVMMt , = eM , (3.19) 

where M is nothing but the holomorphic invariants of the gauge symmetry 

M = Q^JQ , = det g<^> . (3.20) 

The first one is the "mesonic" invariant while the second is the "baryonic" one which appears 
for A'^p > A^c- The two kinds of invariants should be subject to constraints in order to correctly 
describe the NLaM. There are relations between the mesons and the baryons: 

SO{Nc) : det(J) = detM<^><^\ (3.21) 

USp{2Mc) : Pf(J) = Pf M<^><^\ (3.22) 

where the A^c-by-A^c matrix M^^^^-^^ is a minor matrix defined by (M^^^^-^^)*'' = M^^^k The 
Pliicker relations among the baryonic invariants B^^'^ are derived from the above relation. Ac- 
tually, from the invariants M and B^^'^ with the constraints we can reconstruct Q modulo the 
complexified gauge symmetry as follows. By using an algorithm similar to the Cholesky decom- 
position of an Hermitian matrix, we can show that 

An arbitrary n-by-n (anti-) symmetric complex matrix X can 

always be decomposed as X = p^Jp with a rank(X)-by-n matrix p. (3.23) 

See Appendix IA.3I for a proof of this statement. In the USp case, with a decomposition of the 
meson M, we can completely reconstruct Q modulo USp{2Mc)'^ transformations. This fact 
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corresponds to the fact that there are no independent baryons B^^'^ in this USp{2Mc) theory 
and only the meson fields describe the full Higgs phase 



Musp = {M\M E Np-hj-Np matrix, M'^ = -M, rankM = 2Mc}. (3.24) 

On the contrary, in the SO{Nc) case, a decomposition of M gives Q modulo 0{Nc)'^ and one 
finds two candidates for Q since Z2 ^ O'^/SO'^ which is fixed by the sign of the baryonslfl 
Therefore we have to take the degrees of freedom of the baryons into account to consider the full 
Higgs phase 

Mso = {M, I M : symmetric A^p-by-A^F, Eq. flCTD . A^c - 1 < rankM < Nc} . (3.25) 

For large iVc, it is a hard task to obtain an explicit metric from the formula fl3.19p . since 
we need to calculate the eigenvalues of MM'^ . Let us, therefore, consider expanding the Kahler 
potential (13.191) in terms of infinitesimal coordinates around a point. Note that the meson field 
M for SO{Nc), which is a symmetric matrix, can always be diagonalized by using the fiavor 
symmetry U{Np) as 

Mi^ = uMu^ = diag(/ii, /i2, ■ ■ ■ , /ijvc 0, ■ ■ ■ ) , (3-26) 

with u eU (Np) and parameters /ij G ]R>o are square roots of the eigenvalues of MM"!". The meson 
field M in the USp{2Mc) case, which is an anti-symmetric matrix, can be also diagonalized as 

M!f^^P = uMu^ = °^ ^ j ®diag(/ii,/i2,--- ,/iMc,0,---) • (3.27) 

See Appendix IA.3I for the proof. These vacuum configurations in both the cases, Mvev = 
M^^, M^fP, are summarized as 

(Mvev)ii = Pi{J)ij = {J)ijfJ'j , (3.28) 

where we take the invariant tensors as {J)ij = Sij for the SO{Nc) case, and {J)ij = 6i-^Mp,j — 
Sij+Mp and fii+Mp = /ij, (1 < ^ < Mp) in the case of USp{Nc = 2Mc). 

For simplicity, let us concentrate on the SO{Nc) case with A'^c = ^f, and consider generic 
points of the manifold with rank(Mvcv) = Nq, that is, fii > for all i. In this case, there are no 
constraints for the meson field locally, and thus, the meson field M can be treated as coordinates 
parametrizing the manifold locally. It is convenient to consider a small fiuctuation = M — Mvev 



In the case of rankM = Nq — 1, 5 G Z2 acts trivially on Q as 5 Q = Q, although all the baryons vanish. 
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around the vacua Mvev and expand the formula f l3.19p with respect to 0. The following formula 
is useful to expand a function f{X) of a matrix X in a trace around X = Xq, 



Tr[/(Xo + <5X)] 



dX /(A)Tr 



Al - Xo - 6X 



n=l 



Al-Xo 



-6X 



(3.29) 



where the closed path C surrounds all eigenvalues of f{X) on the real positive axis but no 
singularities of /(A). We set /(A) = and 



X = MM^ , Xo = dmgifil, ■ ■ ■ , /i^J , SX = M,,,4>^ + ^M^^ + #t . (3.30) 

Since /(A) = has a branch point at the origin, the eigenvalues /ij cannot be zero in this 
formula. To proceed the calculation, we need to perform the integrations 



1 f d\ ^ 1 

^n(/il, ^^^n) = — f ^T\-. 

2vrz / VA fJi A - /i. 



2 • 



(3.31) 



The results of the integrations can be expressed in terms of the elementary symmetric polyno- 
mials, cS2-fe„' - ^) defined by 



(3.32) 



i=l 



m=0 



m>n 



where we also use a symmetric polynomial Pfc^...^^. The first few integrations give 



AM 

^3(/^l,/i2, A^s) 
A4{Hl, H2, IJ'3, l^i) 



— , ^2(^*1, /i2) 
/il 



C 



(1) 
123 



/il + /i2 + /is 



C[%Pl23 /^l/^2/i3(/il + /i2)(/i2 + /i3)(/i3 + /^l) 

^(1) ^(2) _^{3) 
'-^1234'-^ 1234 '-'1234 



'-'1234 -'1234 

After this preparation, we obtain the first few terms of the expansion of the Kahler potential as 



(3.33) 



K. 



so 



2 ^ /ii + /ij 



+ c.c. 



f^jf^kCljli 



i,j,k,l 



ijkl 



k<Pkl4>u + C.C. 



(1) 

\j(l^jk(l)kmi 



+ Kahler trf. + C(0^) . 



4 PjjfcZ 



(3) 

^ij(l)jk(l>ki(l)ii 



(3.34) 
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A coordinate singularity emerges in the limit /Xj — > since the expansion formula (13.291) is not 
applicable for /ij = 0. The above result gives enough information to calculate the scalar curvature 
R of the manifold at M = Myev in the SO{Nc) case, with a Kahler metric gjj 

R\^=o = -2g^'^didjlogdetg\ 

= 2Ef^^ + E7 YT >0' (3-35) 

where the indices /, J label the components as (p^ = (pij, {i > j). This result shows that the coor- 
dinate singularity with rank(Mvcv) = Nq — 1 can be removed by taking appropriate coordinates 
and, on the other hand, the submanifold with rank(Mvcv) < — 1 is a curvature singularity of 
the manifold. That is, the curvature singularity lies in the region corresponding to the Coulomb 
phase of the original gauge theory, as we expected. 

The expansion of the Kahler potential in the USp{2Mc) case, we obtain the result (13.341) with 
the substitution — s> (j)J\ 0''" — > Jcj)^ and the curvature obtained using this expanded potential 
reads 

Mc ( , Mc , \ 

R\ ^^ = ^y[^^^y 't^ \ >o. (3.36) 

This result shows that the submanifold with rank(Mvev) < 2(Mc — 1) is a curvature singularity of 
the manifold. This expansion, however, does not reveal the singularity appearing at rank(Mvev) = 
2(Mc — 1). To detect this singularity, we consider a deformation of the Kahler potential 

i^C/5p,deformed = Tr ^/MW+^ , (3.37) 

and make a similar expansion (see Appendix O). Taking now only one eigenvalue, say /xi — 
we find a term in the scalar curvature 

hin^i?|^=o^^, (3-38) 

which shows the presence of a singularity for one vanishing eigenvalue, that is corresponding to 
an unbroken USp{2) ~ SU (2) symmetry. 



3.2 The U{1) x SO{Nc) and U{1) x USp{2Mc) Kahler Quotients 



Next, we would like to consider a Kahler quotient with gauging an overall U{1) phase in addition 
to the SO{Nc) or USp{2Mc) gauge symmetry. We turn on the FI D-term associated with the 
additional U{1) gauge group. The Kahler potential can be written as 



U(l)x{SO,USp) 



Tr 



QQ'e 



t.-^'e-^^ + A ( e- 



J 



(3.39) 
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where Ve is the vector multiplet of the additional U{1) gauge field. We have already solved the 
SO{Nc) and USp{2Mc) part in the previous section, so the Kahler potential can be rewritten as 



Kuii)xiso,usp) = Tr 



VMMt 



(3.40) 



The equation of motion for Ve can be solved hj Ve = log Tr MM^^ . Plugging this into 
the Kahler potential, we obtain 



Ku{l)x{SO,USp) = 'Clog 



Tr (yMW 



M = Q'^JQ 



(3.41) 



In the case of A^'c = N^, we can expand the Kahler potential around a point M = M^^v by using 



the same method as in SecJ3.1l 



Ku{l)x(SO,USp) 



+ Kahler trf. + O(0^) . 



i=l 



(3.42) 



Here we can confirm that the mode oc M^^v corresponding to f/(l)^ is not effective in this 
Kahler potential. Therefore, with the constraint Tr [0J^] = 0, we can write the Kahler potential 
to fourth order as 

2 



U{l)x{SO,USp) 



K 



SO,USp 



1 



(3.43) 



16 ES/^^ 
from which we obtain the curvatures as 



E 



(0jt),,(0jt),, 



Kahler trf. + 0{(f) . 



Nc 



iRu(l)x(SO,USp) — R{SO,USp) 

^/i, + 2iV,(iV, + l) 

i=l 



(3.44) 



where is the complex dimension of the manifold 

Nc{Nc + e) 



Ne = dime MJj^r"" 



U{l)x{SO,USp) 



-1 for SO , 
-1 for USp . 



(3.45) 



A typical property of these theories is the existence of curvature singularities of the Kahler 
manifold. Since the Coulomb phase attached to the Higgs phase in the original gauge theory 
is strongly related to a singularity, the curvature singularity with < rank(M) < A'^c — 1 still 
survives after the U{1) gauging for the case of A^c > 3, while gauging U{1) in the SU{Nc) case 
removes the singularity. 
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3.3 Examples 



3.3.1 The S0{2) Quotient (SQED) and the f/(l) x ^0(2) Quotient 

The first example is 5*0(2) with Np = 1. We have a complexified gauge symmetry S0{2)'^, so 
the corresponding target space is 

-MS = Q/~, Q-^g'Q, g'eS0{2f, (3.46) 
where Q = Q-Y ■ In general, matrices in 50(2)^ can be expressed as 

g' =\ ° I , v' eC* . (3.47) 

V l/v' I 

This simply shows the fact that 5*0(2) ~ U{1) under which has charge +1 while Q- has 
charge —1. This is nothing else than supersymmetric QED. The target space apparently seems 
to be a weighted complex projective space which is not a Hausdorff space 

-MS = WCPl_,^ . (3.48) 

However, we have to be careful. Sick points {Qj^,QJ) = ((^+,0), (0,Q_) for ^ and 
Q_ 7^ are forbidden by the D-term condition — \Q-^ = in the Wess-Zumino gauge. To 
understand the true well-defined target space, we take the holomorphic invariant of this model 
to be 

M = 2g+g„ . (3.49) 
This is a good coordinate on the target space and the Kahler potential is given by 

= 1^1 • (3-50) 
There is a conical singularity at the origin and the true target space is 

= C/Z2 . (3.51) 

At the singularity, the gauge symmetry is restored and the vector multiplet obtains a massless 
field. In general, singularities in a classical moduli space leads to the appearance of some massless 
fields. Kahler potentials usually acquire quantum corrections and they may make such classical 
singular manifolds regular. 

The second example is U{1) x 50(2) with Np = 1. We turn on the FI parameters C, and we 
have 



M^ii " = Qh , Q-^vXQ, v;e^7(l)^ v'eso{2f. (3.52) 
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We can explicitly show that 

ge9'= I ° 1 , Vi.v^eC* . (3.53) 

Here we impose that the gauge symmetry U{1) x 50(2) is free, such that \Q\ ^ 0. Hence, the 
target space is just one point. 

Next, let us consider N-p = 2 with the 50(2) and the U{1) x 5*0(2) gauge groups. The scalar 
field is a 2 by 2 complex matrix 

\ Q-i Q-2 j \Q- I 

The holomorphic invariants of the 50(2) part are on the form 
Mso{2) = {Q^JQ. detg} 

Q+iQ-2 + Q+2Q-1 2g_i_2(5-2 



Q+iQ-2 - Q+2Q-1 > ■ (3.55) 



We have to remove the points Q+ = and g_ = 0, where all the holomorphic invariants vanish 
M = 0. The moduli spaces of vacua turn out to be 

= W^CP(li,_i,_i) - {Msoi2) = 0} = ((C^); X , (3.56) 

^u{i)xso{2) ^ ((c2)7C*) X ((C=')7C*) = CP^ X CP\ (3.57) 

Since positive real eigenvalues Ai and A2 satisfy y/Xi + = a/Ai + A2 + 2V%T2, the Kahler 
potential can be easily shown to be 



K^^^J> = V IVMMt + 2Vdet MAft = 2^ |Q+|2|Q_|2 , (3.58) 
^j;(i)x.o(2) ^ iiog|g_,p + ilog|g-p. (3.59) 

The prefactor ,^/2 in Eq. fl3.59p will turn out to have a significant difference from the usual 
prefactor ^ of the Kahler potential for usual CP^, see Eq. f l2.16p . when we will consider 1/2 BPS 
solitons. 

It is straightforward to extend this to the case with generic Np. The manifolds are on the 
form 

MfJ'^ = wcp^'-' . - {Msoi2) = 0} = ((c^-); X (c^-)!.)/e , (3.60) 



(l]Vp,-l]Vp) 

j^u{i)xso{2) ^ ((c^F)Yc*) X ((C^F)7C*) = CP^^-^ X CP^^-^ . (3.61) 
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The Kahler potential for the latter manifold can be obtained by merely replacing the two vectors 
Qi 2 by Np vectors in Eq. fl3.59p . Then the meson field becomes an A^p-by-A^F niatrix, however, 
only two eigenvalues Ai, A2 of MM^ take non-zero values and in this case we have the following 
identity 

det(Al7Vp - MM^) = A^F-^ det (AI2 - iQQ^)j\QQ^fj) . (3.62) 
From this characteristic polynomial, we can read off 

Ai + A2 = 2|Q+ng_|2 + 2|Q+Qt_|2 , A1A2 = (|Q+ng_|2 - IQ+Q^p)' . (3.63) 
Therefore, we find also in the case of A'^p flavors 

k'nT^ = + = 2y/|g+ng„|2 . (3.64) 

3.3.2 The USp{2) Quotient 

This case completely reduces to the SU{2) case with A'^p flavors. It is not difficult to show that 
only two eigenvalues Ai, A2 of MM"^ take non-zero values and they coincide 

Ai = A2 = ^Tr[MMt] = det(gQ^) , (3.65) 
and this indeed yields the Kahler potential for the SU (2) case 

^usp{2)^su{2) ^ Trfv^MMt] = 2y/det{QQ^) . (3.66) 
We find explicitly the Z2-conifold singularity at the origin in this model. 

3.3.3 The USp{4:) Quotient 

By "diagonalizing" M by Mij = fiiJij, we find two non- vanishing eigenvalues both with multi- 
plicity two, that is Ai = A3 = /i^ and A2 = A4 = fil and they can be written as 

Ai + A2 = ^Tr[MMt] , A1A2 = J2 l^(^>l' ' (3.67) 

where P(a) is the Pfaflfian of a minor matrix 

P{a-lA2A3A4) = SM^^f^jMyigyi^] . (3.68) 
In this case where we have USp{A) i.e. Mq = 2, thus it can be written as 

E 1^(^)1' = I (Tr[MMt])^ - ^Tr[(MMt)2] . (3.69) 

22 



Since the right hand sides of both the equations in Eq. f l3.67p are invariant under the flavor 
transformation performing the diagonahzation, we flnd for generic number of flavors Np 



K 



USp{4) 



2 (v^+ v^) = 2 



iTr[MMt]+2 



(3.70) 



(A) 



Considering a minimal case with Mp = Mq = 2, with the following parametrization 



M 







1 X3 

2 -X3 



-X2 



\ 



(3.71) 



we flnd Pf (M ) = (p ■ x ^-nd the simple form of the Kahler potential 

= 2^^Tr[MMt]+2|Pf(M)| = 2^J \$\'^ + \x? + '. 
Manifestly, we can observe an orbifold singularity on the submanifold 

|0|2 + |x|VO, Pf(M) = 0-x = O, 



x\ 



(3.72) 



(3.73) 



of which the rank is 2Mq — 2 = 2, since the Pf(M) G C is an appropriate coordinate describing 



the orthogonal direction to the submanifold and the term y^|Pf(Myp emerges in the potential. 
In a generic region away from this singular submanifold, the scalar curvature is given by 
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R 



f + |XP + 2| 

and is finite even in the vicinity of the submanifold. 



X\ 



(3.74) 



3.3.4 The 50(3) Quotient 

The Kahler quotient for 50(3) with Np flavors reads 

and it is obtained by solving the following algebraic equations 

{K^ - Aif = AA2 + Sv^ir , 

where the deflnitions are 



Ai = Ai + A2 + A3 = Tr[MM^] 
A 

A^ = A1A2A3 . 



A, = A1A2 + A3A2 + A3A1 = ^(Tr[MMt])2 - lTr[(MMt)2] , 



(3.75) 



(3.76) 



(3.77) 
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A solution with a real number satisfying > > should be unique. Here y/A^ does not 
imply a singularity immediately. In the case of iVp = Nq = 3, we can rewrite it in terms of the 
baryon field B as 

= v/det(MMt) = ^|detM|2 = \B\'^ , (3.78) 

and around the submanifold with i? = 0, 5 is an appropriate coordinate around the submanifold. 
With Kq = K\^B^2^Q, we find 

<?S = ^0 + + 0{\B\') ■ (3.79) 

Since Kq — Ai = implies that A2 = = 0, which in turn implies that rank M > Nq — 2 = 1, 
this expansion tells us that the submanifold with rank M = Nq — 1 = 2 is not singular. 

Let us now consider this simple example of S0{3) with Np = 2. The result of the Kahler 
potential is the same as in the 5*0(2) case with Np = 2 

K^^^^ = v^TrMMt + 2|detM| . (3.80) 



3.4 The SO{Nc) and USp{2Mc) Hyper-Kahler Quotients 



Our next task is lifting up the SO{Nc) and USp{Nc = 2Mq) Kahler quotients of the previous 
subsection to the hyper-Kahler quotients as we did for the U{Nq) (hyper-) Kahler quotient in 
Sec. H We leave the issues of the hyper-Kahler quotients of U{1) x SO{Nc) and U{1) x USp{2Mc) 
for the end of this section. In order to construct the SO{Nc), USp{2Mc) hyper-Kahler quotient 
we need to consider M = 2 hypermultiplets. Hence, we consider an A/" = 2 extension of the 
M = 1 Kahler potential ( 13.14p . together with the superpotential 



Kso,usp 
W 



Tr 
Tr 



QQE' + X (S'^ J + JS') 



v 



J 



(3.81) 
(3.82) 



where ( V, S') denote the SO{Nc) or USp{2Mc) vector multiplets, (Q,Q^) are Np hypermulti- 
plets in the fundamental representation of 5'0(A*'c) or USp{2Mc), and (A, x) are the Lagrange 
multipliers which are Nc-hj-Nc matrix valued superfields. 

We can rewrite the Kahler potential (13.811) as follows 



SO,USp 



Tr 



Tr 



QQ}e 



-v 



(3.83) 
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where we have used e^'^ = J'^e~^' J. This Kahler potential is nothing but the A/" = 1 Kahler 
potential of SO{Nq) and USp{2Mc) with Q, a set of 2A''f chiral superfields. We can straightfor- 
wardly borrow the result of Sec. 13.11 and hence the Kahler potential reads 



Kso,usp — Tr 



M = Q'JQ. (3.84) 



The constraint coming from the superpotential fl3.82l) is 

QQJ = JQ^Q'^ QJQ^ = , with J = \ " '^'^ ) . (3.85) 




Therefore, we again find the constraints for the meson field Ai 

= eM , MJM = , iVc - 2 < rank < Nc . (3.86) 

As is well-known, the SO{Nc) case has a USp{2Np) flavor symmetry while the USp{2Mc) 
case has an 0(2A'f) flavor symmetry. Therefore the USp{2Np) and 0(2A'^p) isometries act on 
the SO{Nc) and USp{2Mc) hyper-Kahler quotients, respectively. The resultant spaces can be 
written locally in generic points as 



(3.87) 



^usp{2Mc) - >o sOi2NF - 4Mc) x USpi2)^'o ^ >o u{Nf - 2Mc) x USp{2)'^o ' 

(3.88) 

for the SO{Nq) and USp(2Mc) hyper-Kahler quotients, respectively. These are hyper-Kahler 
spaces of cohomogeneity Nq and Mq, respectivelyjj The right-most ones denote the corresponding 
SO{Nc) and U Sp{2Mc) Kahler quotients given in Eqs. (13.41) and fl3.8p . respectively. These Kahler 
spaces are special Lagrangian subspaces of the hyper-Kahler spaces. As in the Kahler cases 03.41] 
and (13.81) . the isotropy (unbroken flavor symmetry) changes from point to point. It is enhanced 
when some eigenvalues coincide. 

Let us make a comment on the relation to the instanton moduli space. In Eq. (I3.88P the 

simplest case of the U Sp(2) ~ SU (2) hyper-Kahler quotient was previously found in [6] to be 

S0i2N^) 
SO{2Nf-4) X USp{2) 



-MS(2).5C/(2) - M>o X .^...r^^rr!;..,,., . (3.89) 



^ Any smooth hyper-Kahler manifold of cohomogeneity one, must be the cotangent bundle over the projective 
space, T*CP^^~^ or flat space [70]. For the U{1) hyper-Kahler quotient with Np flavors, the space is of cohomo- 
geneity one: R>o x SU{Nf)/SU{Np - 2). This space is blown up to a smooth manifold TXP^^^^ once the FI 
parameters are introduced for the U{1) gauge group. The result of Ref. [7D] implies that hyper-Kahler spaces of 
cohomogeneity one in Eqs. (|3.87p and p.88p must have a singularity. 
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This is a hyper-Kahler cone and is particularly important because the single instanton moduli 
space of an S0{2Nf) gauge theory is the direct product of this space and i.e. the position. 
Here ]R>o parametrizes the size while the coset part parametrizes the orientation of a single 
BPST instanton embedded into the S0{2Np) gauge group. The moduli space of k instantons 
in SO{Nc) and USp{2Mc) gauge theories are known to be given by USp{2k) and 0{k) hyper- 
Kahler quotients, respectively [11], [12]. Compared with our spaces in Eqs. (13.871) and fl3.88p . 
the instanton moduli spaces contain adjoint fields of USp{2k) and 0{k) too and thus are larger. 
Inclusion of adjoint fields remains as a difficult but important problem. 

Before closing this section we make a comment on the hyper-Kahler quotient of f/(l) x SO{Nc) 
and U{1) X USp{2Mc)- We succeeded in constructing the hyper-Kahler quotient of SO{Nc) and 
USp{2Mc) thanks to the fact that JQ^ is in the fundamental representation, which is the same 
representation as Q. Although, we want to make use of the same strategy for f/(l) x SO{Nc) and 
U{1) X USp{2Mc) as before, JQ"^ still has charge —1 with respect to the U{1) gauge symmetry 
while Q has U{1) charge +1. Therefore, it is not easy to construct the U{1) x SO{Nc) and 
U{1) X USp{2Mc) and we will not solve this problem in this article. 

4 1/2 BPS Configurations: NLcjM Lumps 

In this section we will study NLaM lumps which are 1/2 BPS configurations. Lumps are stringy 
topological textures extending for instance in the direction in d = 1 + 3 dimensional spacetime 
and are supported by the non-trivial second homotopy group 7r2(7Vl) associated with a holomor- 
phic map from the 2 dimensional spatial plane z = xi + 1x2 to a 2-cycle of the target space of the 
NLctM. We will consider the C-plane together with the point at infinity, that is 2 G CU{oo} ~ S"^, 
which is mapped into the target space. Lumps in non-supersymmetric SO{Nq) theories were 
studied in Ref. [69] where the second homotopy group is Ti2[SU{Nc) / SO{Nc)] ~ Z2 and there- 
fore those lumps are non-BPS. Here we do not consider this type of lumps. We will first study 
BPS lumps in the NLcrM of U{1) x G' Kahler quotients in general, then we investigate lumps in 
the case of G' = SO, U Sp which have been constructed in previous sections. 

4.1 Lumps in U{1) x G' Kahler Quotients 

In the NLcrM of U{1) x G' Kahler quotients, (inhomogeneous) complex coordinates {0"} of the 
Kahler manifold, which are the lowest scalar components of the chiral superfields, are given by 
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some set of holomorphic G' invariants /* modulo f/(l)^, namely 0" G {/*}//f/(l)^. Static lump 
solutions can be obtained by just imposing 0" to be a holomorphic function with respect to z 



r{t,z,z,x-')^r{z:^i , (4.1) 

where denote complex constants. The tension of the lumps can be obtained by plugging the 
solution back into the Lagrangian 



(4.2) 



where K is the Kahler potential and K^^ = dad^K is the Kahler metric. We would like to stress 
that all the parameters are nothing but the moduli parameters of the 1/2 BPS lumps. 

We assume that the boundary of 2 ^ cx) is mapped to a single point 4>"{z) 0"^^ on the 
target space. Since the functions 4>'^{z) should be single valued, 0"(2) can be expressed with a 
finite number of poles as 

n^) = Cv + E ^ + ^(^"') • (4.3) 

Strictly speaking, we have to change patch of the target manifold at the poles to describe the 
solutions correctly. To describe the lump solutions, it is convenient to use the holomorphic G' 
invariants /* satisfying the constraints as homogeneous coordinates. The holomorphic map is 
expressed by the homogeneous coordinates P{z) which are holomorphic in z 

I\z) = + 0(^2"'""') , (4.4) 

where Ui is the U{1) charge of the holomorphic G' invariant /*, and u is some number. 7*^^ 
denotes the vacuum expectation value of /* at spatial infinity. Since all rii v must take value 
in Z>o, "we can express v = k/uQ with the greatest common divisor (GCD) no of {ui} and k a 
non-negative integer. The integer k will be found to be the topological winding number. These 
polynomials are basic tools to study lump solutions and their moduli, and 0°(2;) can be written 
as ratios of these polynomials, namely f/(l)^ invariants, which are known as rational maps in 
the Abelian case. 

There is a remark in store for constructing lump solutions. If a holomorphic map fl4.4p touches 
the unbroken phase of the original gauge theory at some point, the behavior of the lump is ill- 
defined there in terms of the NLcxM. Generally speaking, as we will see in examples later, the 
lump configuration becomes singular at that point. Therefore, we have to exclude such singular 
configurations and all points in the base manifold C must be mapped to the full Higgs phase by the 
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holomorphic map Ili4.4\ )- We will denote this condition the lump condition. In other words, there 
exist limits where lump configurations become singular by varying the moduli parameters. For 
instance, the invariants P{z) are prohibited from having common zeros by the lump condition. 
Since common zeros cannot be detected even in the vicinity of a corresponding point in the base 
space, an emergence of common zeros indicates a small lump singularity, which is well-known 
for lumps in the CP" model. The lump condition requires non-vanishing size moduli there. As 
we will show in examples later, this situation implies the emergence of a local vortex. The lump 
condition is stronger than the condition of no common zeros in the invariants, except for the 
U{N) case [57], where in fact both the conditions are equivalent. The difference between the two 
conditions above implies the existence of limits where a lump configuration becomes singular with 
a non- vanishing size. This is a typical property of lumps in a NLcxM with a singular submanifold. 
We will see explicit examples of this property later. 



4.2 Lump Moduli Spaces vs. Vortex Moduli Spaces 

As a NLcrM can be obtained in the strong gauge coupling limit of the gauge theory, lump 
solutions in such NLaMs can also be given as that limit of semi-local vortex solutions, whose 
configuration can smoothly be mapped to the Higgs phase. Therefore, lump solutions are closely 
related to semi-local vortices in the original gauge theory, even with a finite gauge coupling. 
Lumps in the U{Nc) Kahler quotient, namely in the Grassmann sigma model, have been studied 
previously in Refs. [30l [Ml E?]. In fact, the dimensions of both the moduli spaces coincide 

dimcA^^YA'c) Afp ~ ^^™-^-^u^{Nc) Nt, ~ ^-^F !3S1 S3]. It has been found that the moduli space 
of k lumps in the Grassmann sigma model is identical to that of k semi-local vortices with the 
lump condition in Ref. [57]. Hence, the inclusive relation is D -Mu^j^ n-^- The lump 

condition excludes subspaces of -Mu^NcT^f corresponding to the minimal size vortices whose size 
is of order of the inverse gauge coupling. 

In this section we will discuss the relation between moduli spaces for lump solutions and 
vortex solutions in the f/(l) x SO{Nc) and U{1) x USp{2Mc) cases. Here we take A^c = A'p 
and det M^^v 7^ for simplicity. The dimension of the moduli space of k vortices in a f/(l) x G' 
gauge theory (A'p = A'c) has been found to be [59] 

dimcA^^Y^^^'g, = kNc'/rio, (4.5) 

with A^c = 2Mc for U Sp{2Mc). In the following, we will count the dimensions of the lump moduli 
spaces. (We will use the same characters for lowest scalar components of chiral superfields as for 
the superfields themselves). 
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In the U{1) X S0(2Mc) case (A'^c = 2Mc), lump solutions with fixed boundary conditions 
are given by taking the following polynomials as the holomorphic invariants /' = {M, B} defined 
in ( 13.201) ■ Their U{1) charges are {2, 2Mc}, respectively. Thus, their GCD is no = 2 and we find 

Miz) = M,,,z' + 0{z'-') , B{z) = B,,,z''^<= + 0{z''^<=-') , (4.6) 

with k G Z>o. Note that we should not neglect the baryon field B, although the baryon field B 
is dependent on M. This is because the baryon field B determined by M{z) is not necessarily 
holomorphic everywhere in the complex plane C: 

det{J)B{zy = detM{z) . (4.7) 

Generically, this gives 2kMc constraints for moduli parameters. For instance, with a single lump 
solution in the U{1) x 5*0(2) case, a general form of M{z) is given by setting Mvev = o"i and 
k = 1 

M{z) =1 ^ z-a \ _^ ^^^^ = 5c - (2 - af . (4.8) 
\ z — a c J 

The constraint (14. 7p requires det M{z) to be exactly a square of a polynomial and then we find 
the non-trivial conditions; 6 = or c = where the intersection point 6 = c = is excluded 
by the lump condition. These two disconnected solutions correspond to two different types of 
lumps wrapping different CP^'s of A^7Vp=2^*^*'^'' ~ C-P^ x CP^ in Eq. (13.571) . For generic fc-lump 
configurations, we can count the degrees of freedom of the moduli parameters as 



dime M.'^gol^lj^-^ = #moduh in M{z) + ^moduli in B{z) — ^^constraints 

° = k^mi}i2Mo±21^u,a-2kM, = 2kMa'. (4.9) 



In the f/(l) X S0{2Mc + 1) case, the f/(l) charges of the invariants {M,B} are {2, 2Mc + 1}. 
Hence their GCD is no = 1 and lump solutions are given by the following polynomials 

M{Z) = M,e.Z^^ + 0{Z^^-^) , B{Z) = Pvev2^'*^°+'^'' + ^(^(^Mc+l)^-!) _ (4_^o) 

The dimension of the fc-lump moduli space in this case is generically given by 

dime -M^o(2;^,,+i) = 2A;iMl^±lKM!£±^ + k{2Mc + 1) - 2fc(2Mc + 1) = k{2Mc + if . 

(4.11) 

These two results are the same as those of the 1/2 BPS vortex moduli spaces derived from the 
index theorem [59], see Eq. (14. 5p . That is, at least for generic points of the lump moduli space. 
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the moduli for the lump solutions are sufficient to describe the vortex moduli space in the original 
gauge theory, and there are no internal moduli unlike the orientational moduli CP^^-i of the 
U{Nc) case with Np = Nq flavors. This property is significantly different from the U{Nc) case 
with the minimal number of flavors Np = Nq, where only local vortices carrying the orientational 
moduli exist and the strong coupling limit of them are not lumps but singular objects of zero 
sizes. 

In the U{1) X USp{2Mc) case, the baryon field is completely described by the meson fields 
and there are no constraints 

M{z) = M^^^z^ + 0{z^-^) , B{z) = (Pf J)~^Pf(M(z)) . (4.12) 

Therefore, the number of complex parameters in M{z) is simply given by 

#moduh in M{z) = fe 2^c(2Mc - 1) ^ ^.^^ M'u}%']^^) - kMc . (4.13) 

Note that it is different from the dimensions of the vortex moduli space. This deficit num- 
ber Mq for each lump can be understood as follows. In this case, color-flavor symmetries 
USp{2)'^^ ~ SU(2)^^'^ survive even at a generic point in the vacuum as we explained below 
Eq. (13.71) . These surviving symmetries are broken in a vortex configuration and this means that 
the vortex configuration has orientational moduli (CP^)^"^'^ as NG modes. These modes are ex- 
pected to be localized in the Coulomb phase of the original gauge theory, which corresponds to 
the curvature singularity of the NLaM, and therefore, cannot be detected as moduli of lump 
solutions in the NLcrM. Therefore, roughly speaking, we guess that 

»^fc-vortox . /fc-singular lump ((r>pl\kMc (A i /I N 

■'^USp(2Mc) ■'^USp{2Mc) X l^-f^ J , I4.i4j 

where J^^^st^2M^)^^^ is the would-be lump moduli space which is parametrized by the complex 
parameters in the meson field Miz). Emergence of these internal moduli is strongly related to 
singular configurations of lumpso Actually, to get regular solutions from lumps in any NLcrM, 
we have to require the lump condition, which means that the rank of the meson M should be 
2Mq everywhere in this USp{2Mc) case. Therefore, no regular solutions exist in the case of 
A'f = 2Mc, because PfM are polynomials in z with order Mck and thus has kMc zeros. We will 
show a concrete example in the next subsection. We expect that each of the orientational moduli 
CP^ are attached to such zeros and the deficit dimension of -M^g^^^M^^)^"^^ should be strongly 



This situation is similar to the case of a U{Nc) gauge theory with Np = Nq flavors. The gauge theory has a 
non-Abelian vortex whose internal moduli space is CP^'^^^. But the strong gauge coupling limit yields a NLcrM 
of only a point and there are no lump solutions. 



30 



related to the non-existence of regular solutions. Regular lump solutions require the number of 
flavors to be greater than 2Mq. 

In both cases of U{1) x SO{Nq) and x USp{2Mc) gauge theories, additional NG zero 
modes can emerge as the moduli of vortex configurations if we choose special points as the 
vacuum, Mvev(-Bvcv)- Especially, by choosing Mvcv = J {fJ'i = ^ for all i), the following moduli 
spaces for a single local vortex were found as [59] 

Ml?^^^l, D A^l^ftJr^ = C X , G' = S0{2Mc), USp{2Mc) , (4.15) 

which cannot be moduli of single lump configurations. 

To completely treat the vortex moduli, including internal moduli, we need to use the moduli 
matrix formalism [13]. This formalism is obtained by merely rewriting the holomorphic gauge 
invariants M{z), B{z) in terms of the original chiral field Q{z) whose components are also poly- 
nomials in the complex coordinate The description of the lump solutions with respect to 
Q{z) is redundant, since Q{z) and Q'{z) determine the same holomorphic map M{z), B{z), if 
they are related by a complexified gauge transformation Q'{z) = V{z)Q{z). Therefore we have 
the following equivalence relation, called the ^^-equivalence 

Q{z) ~ V{z)Q{z) , V{z) e U{lf X SO{Ncf, U{lf x USp{2Mcf . (4.16) 

The parameters contained in Q{z) after gauge fixing, parametrize the moduli space of vortices. 
Conversely, all moduli of vortices including internal moduli are contained in Q{z), and thus Q{z) 
is denoted the moduli matrix. In this formalism the boundary conditions fl4.6p . (14.101) and (14.121) 
are interpreted as constraints for the moduli matrix Q{z) |59j 

S0{2Mc), USp{2Mc) : Q^{z)JQ{z) = M^^.z'' + 0[z''-^) , 

S0{2Mc + 1) : Q^{z).JQ{z) = M,,,z^^ + 0{z^^-^) . (4.17) 

The constraint (14. 7p is of course automatically solved in this formalism. This formalism is 
apparently independent of the gauge coupling and it is well-defined to require the lump conditions 
to hold on the vortex moduli space. We expect that a submanifold of the k-voitex moduli space 

The way to derive the moduh matrix here is slightly different from the way used in |59| . These two ways can 
be identified by considering BPS vortex solutions in the supcrficld formulation ,46|. The key observation is that 
the gauge symmetry G in the supersymmetric theory is complexified : G^. Hence, the moduli matrix naturally 
appears in the superfield formulation, while if we fix G^ in the Wess-Zumino gauge, the scalar field Q^z appears 
as the usual bosonic component in the Lagrangian. The moduli matrix is usually denoted by the symbol Hq{z) 
in the literature. 
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satisfying the lump condition is equivalent to the /c-lump moduli space, 

_y^fc-lump _ 1^1^ ^ _yy^fc-vortex^ ^j^^ j^^p COuditiOu} . (4.18) 

This expectation is quite natural and is enforced by the above observations by counting the 
dimensions. Because, if we can consider a NLaM as an approximation to the gauge theory with a 
strong but finite gauge coupling a lump solution should describe an approximate configuration 
of a vortex, whereas a steep configuration with a width of order \jg\l\ is excluded by some 
UV cutoff A < g\fi,. Of course, to justify this expectation, we need to verify an equivalenci^ 
between the two formalisms, the moduli matrix formalism and the holomorphic map (14.41) with 
the constraint on the invariants, under the lump condition. In examples of the next subsection, 
we just assume that this expectation is true. To construct lump solutions for large Nf{Nc), the 
moduli matrix formalism is somewhat easier than treating M{z),B{z) as they are. 



4.3 Lumps in U{1) x S0{2Mc) and U{1) x USp{2Mc) Kahler Quotients 
4.3.1 BPS Lumps in the U{1) x S0{2Mc) Kahler Quotient 

Let us start with the simplest example in which the gauge group is U{1) x SO (2) with two flavors 
A^'f = 2. As we have studied in Sec. 13.3. H the target space is CP^ x CP^. Lump solutions are 
classified by a pair of integers (A;+, /c_) given as 

7r2 (-M5J[,=f ^^'^) = Z X Z 9 (A;+, k_) . (4.19) 
A solution with (/c_|_, /c_) lumps is given by 

V Qi (^) Q2 (^) / 

where Q+i{z),Q-i{z) are holomorphic functions of z of degree k±, respectively. One can verify 
that the tension is given by 

T = j (fx 2ddKjjii)^so(2) = <{K + k^) = <k , (4.21) 

where -ft'(7(i)x50(2) is the Kahler potential given in Eq. (I3.59p . Interestingly, the tension of the 
minimal lump {k+,k-) = (1,0), (0, 1) is half of 27r^ which is that of the minimal lump in the 
usual CP^ model. A similar observation has been obtained recently in Ref. 



In the U{1) X USp and U{1) x SO cases, we have to verify that the meson field M{z) whose elements are 
polynomials can be always decomposed in Q{z) whose elements are also polynomials and furthermore that there 
is no degeneracy of moduli in the construction of M{z) from Q{z) under the lump condition. There is no known 
proof and it is expected to be technically complicated. 
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Next, we would like to consider lump configurations in slightly more complicated models by 
considering general U{1) x S0{2Mc) Kahler quotients, where we set Mq > 2, Np = 2Mc and 
Mvev = J- As an example for A; = 1, we take 

g,., ^h^Ma-A C \ (a = diag(.i, .Me) , ^4 22) 

V Imc / I <^ = diag(ci, Ca, ■ ■ ■ , cmc) • 

These diagonal choices allow us to treat the invariants as if they were independent invariants of 
Mq different 5*0 (2) 's. Hence, one can easily find an 5*0(2) part inside M as 




l,2,---,Mc, (4.23) 



(M) 

i+Mc,i 

(M) 

i+Mc,i+Mc 

which satisfies the constraint fl4.17p . Note that non-zero parameters q keep the rankM > 
2Mc — 1, even at 2; = .j. All their eigenvalues are also eigenvalues of MM"^ 



Ai± = \z - Zi\^ + 2\ci\^ ±2\ci\^/\z - Zi\^ + \ci\'' . (4.24) 
Thus, the Kahler potential in Eq. fl3.4ip becomes 



K = ^\og 



M 



5^ v^+xA 



i=l 



M 



eiog 2^V|.-z,|2+|q|2 . (4.25) 



i=l 



The energy density is obtained by = 2ddK with this Kahler potential and exhibits an interest- 
ing structure. It is proportional to the logarithm of the sum of the square root of |Pj(z)p, while 
the known Kahler potential of a CP*^ lump is just the logarithm of the sum of |Pj(z)p. This 
difference gives us quite distinct configurations. If we take some Cj to vanish, then we find that 
the energy density of the configuration becomes singular aX z = Zi 

8 = 2^dd log (j\z-Zi\'^ + ...] const, x , ^ , + 0(^°) . (4.26) 
V / \z — Zi\ 

This is due to the curvature singularity which appears when the manifold becomes of rank M = 
2Mq — 2, and in other words, violate the lump condition. Note that this singular configuration 
has a non- vanishing size, as we mentioned above. If we take all Zi^ and all q's to be coincident, 
respectively, we find that the Kahler potential reduces to that of the minimal winding one in the 
U{1) X 5*0(2) model. This suggests that the trace part of C determines the overall size of the 
configuration and the trace part of A corresponds to the center of mass. As we will explain later, 
only this trace part of A among the parameters is a normalizable mode in the effective action of 
the lump. 

A single lump in f/(l) x 50(2Mc + 1) might be almost the same as the coincident k = 2 
lumps in 50(2Mc). However we will not discuss this case in detail. 
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4.3.2 BPS Lumps in the U{1) x USp{2Mc) Kahler Quotient 



Let us first examine a lump solution in the U{1) x USp{2) theory with Np = 2. In this case, 
however, we obtain only local vortices and cannot observe regular lumps in the NLcrM since the 
vacuum is just a point. After fixing the gauge, the chiral field can be expressed as 



Q{z) 




(4.27) 



This matrix yields 



M 



[z — a) J 



K 



log \z — a\ 



(4.28) 



At the center of the vortex, the rank of M always reduces to zero, where the U{1) gauge sym- 
metry is restored. Therefore, solutions are always singular at that point, because we know that 
USp{2) ~ SU{2) and the U{2) model with 2 flavors admits only local vortices rather than semi- 
local vortices which reduce to lumps in the NLcxM limit. Indeed, the parameter b which does not 
appear in M is the orientational modulus of local vortex in the original U{1) x USp{2) gauge 
theory and describes CP^. 

As we have mentioned, lump solutions in the case of Mq = Mp always have singular points in 
the configurations. The simplest non-trivial example for a regular lump is obtained in the case of 
U{1) X USp{A) with 6 flavors. A lump (vortex) solution in this case, with the minimal winding 
{k = 1) has MqNp = 12 complex parameters. Let us consider the following field configuration 
as a typical minimal example oi k = 1] 



( 



\ 



Z — Zj^ 








c 


a_|. 








Z — 


— c 








a_ 








1 




















1 









\ 



(4.29) 



which gives the following characteristic polynomial 

det(A - MAft) = (A' - {R\ + + 4\c\^)X + RlRlf , (4.30) 

with R± = ^J\z — -z±P + |o±p. Then the energy density of the configuration E is given by 

E = 2ddKua)y,uspi4)\soi = ^ddlog ((i?+ + R.f + A\c\^) . (4.31) 

This configuration is regular everywhere as long as a-t 7^ 0, that is, it satisfies the lump condition. 
If we choose a+ = a_ and z^ = z_, it corresponds to a CP^ single lump solution. 
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4.4 Effective Action of Lumps 



Now we have a great advantage thanks to the above superfield formulation of the NLaM. A 
supersymmetric low energy effective theory on the 1/2 BPS lumps is immediately obtained merely 
by plugging the 1/2 BPS solution ( 14. ip into the Kahler potential which we have obtained in the 
previous section after promoting the moduli parameters ip to fields on the lump world-volume 

</.°(t,z,^,a;3)^r(z;<^^(t,x3)) . (4.32) 

The resulting (effective) expression for the Kahler potential is 

/Ci„^p= / dzdz K{(t){z,ip\t,x^), (t)\z,ip\t,x^)) . (4.33) 



Let us make a simple example of the CP^ sigma model which is the strong coupling limit of 
a U{1) gauge theory with A'^p = 2 flavors Q = {Qi, Q2)- In this case, Qi and Q2 themselves 
play the role of the holomorphic invariants P and the inhomogeneous coordinate is given by 
= QilQx- We fix the UiVf-- symmetry in such a way that Q is expressed by 

Q = (1, b) . (4.34) 

From Eq. (12.161) . the Kahler potential and the corresponding Lagrangian are of the form 

A single 1/2 BPS lump solution in this model is given by 



K = ^\og{l + m, C = ^ ,: ■ (4-35) 



Q{z) = iz-zo, a) ^ = (4.36) 

Z — Zq 

where zq corresponds to the position of the lump and a is its transverse size and phase moduli. 
To obtain the effective theory of the lump, one needs to promote the moduli matrix as follows 

Q{z) = {z- zo, a) ^ Q{t, z) = {z- zo(t), a{t)) . (4.37) 

Plugging this into the formal expression (14.331) . we get the effective theory 

= ^ j dzdz 5'5\\og{\z - zo{t)\^ + \a{t)\'^) 



^ I dzdz 



(4.38) 



.(|^-^o(t)P + |a(t)P)^' (|^-^o(t)P + |a(t)|^ 

The second term in the second line does not converge, thus the size modulus a{t) is not dynamical. 
Hence, we should fix it by hand as a{t) = const 7^ 0. Then the only dynamical field is the 
translation ZQ{t) and the effective action is 

C^I = TT^imW (4.39) 
where 27r^ is the tension of the minimal winding solution. 
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4.5 Identifying Non-normalizable Modes 



We can determine which parameters in Q{z) are locahzed on lumps and normahzable, and which 
parameters are non-normahzable. If there exists a divergence in the Kahler potential which can- 
not be removed by the Kahler transformations, it indicates that the moduli parameters included 
in the divergent terms are non-normalizable. Let us substitute an expansion of the lump solution 
with respect to 



r{z) = + — + o{z-^) , X" = E (4.40) 



i=l 



into the Kahler potential (14.331) and expand it as well 



A^iump = hm / (fx 

L— »oo 



z\<L 



1„ „ 1^ „- 1 



^(Cv, + -daKx"- + ^B^Kr + --.dJ-.Kx'-X^ + 0{\z\ 



z z \z\ 



lim 

L— >oo 



2itL^ i^(0vev, 0vev) + 2n log L 9«a^i^(0vev, 0vcv)X°X^ + 0(1) , (4.41) 



where L is an infrared cutoff. Thus we can conclude that the moduli parameters included in 
{^vev'X"} ^I's all non-normalizable and the others are normahzable. The modulus a in the last 
subsection is a typical example of 

For instance, let us take a look at the example (14.231) of the solution for single lumps in the 
U{1) X S0{2Mq) case. The meson field M{z) has the following elements : {z — Zi) and 2cj. One 
can partly construct inhomogeneous coordinates of the manifold in this case by taking ratios 
from pairs of the elements, 

^ ^^^^ + 0(^-2)^ forl<z<Mc, 

Z — Zmq z 

^i+Mo ^ ^-^i ^^_ z,-ZMc +o(z-^), forl<z<Afc-l. (4.42) 
z - ZMc z 

Thus the moduli q and Zi — zmc ^"^^ non-normalizable. The only normahzable modulus is 
Zi I Mq which is the center of mass. This fact is a result of the Kahler metric (I3.42p where 
the trace part of the meson field M does not contribute to the metric. Generally speaking, 
all moduli of a single lump in the f/(l) x S0{2Mq) and f/(l) x USp{2Mc) theories are non- 
normalizable except for the center of mass and the orientational moduli of local vortex. 



5 Conclusion and Discussion 

We have explicitly constructed the Kahler potentials for NLaMs describing the Higgs phase of 
TV = 1 supersymmetric SO{Nc) and U Sp{2Mc) gauge theories. The key point in the construction 
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lies in the use of taking the gauge symmetry to be U{Nc) and restricting the algebra down to 
either so{Nc) or usp(2Mc) with Lagrange multipliers. The result is written both in terms of the 
component fields and the holomorphic invariants, i.e. the mesons and the baryons of the theories. 
Because the obtained result is difficult to manage in practice in the large A'^c (^f) limit, we have 
developed an expansion around the vacuum expectation values of the meson field, and obtained 
the scalar curvature of both theories, i.e. SO{Nc) and U Sp{2Mq). Furthermore, have made the 
same considerations for the case of U{1) x SO{Nc) and f/(l) x USp{2Mc), and obtained the 
Kahler potential, metric, expansion and curvature also in these cases. 

Following the same strategy as in the Kahler quotient case, we have been able to obtain the 
hyper-Kahler quotient in the case of SO{Nc) and USp{2Mc) gauge theories, simply by rewriting 
the fields by means of the algebra to fields with 2A'^f fiavors all in the fundamental representation 
and we confirm the fiavor symmetry of the SO{Nc) hyper-Kahler quotient to be USp{2Np) and 
for USp{2Mc) it is 0{2Ny). 

A significant feature of those NLaMs, is that a point in the target space can reach within a 
finite distance submanifolds corresponding to unbroken phases of the gauge theories. We have 
observed that a curvature singularity emerges there. If we consider a generic gauge group with 
a generic representation as the original gauge theory, we can observe such singularities in many 
NLcrMs unlike the well-known U{N) (Grassmannian) case. The NLcxMs we have considered here 
can be regarded as test cases for those theories. 

In the second part of the paper we have studied the 1/2 BPS, NLaM lumps in U{1) x G' 
gauge theories and observed that we can construct lump solutions straightforwardly if the Kahler 
potential for the NLaM is given in terms of holomorphic invariants of G'. We found that counting 
the dimension of these (regular) lump moduli spaces gives the same result for the semi-local 
vortex moduli space in the case of SO{Nc) and U Sp{2Mc) theories. This fact enforces our 
natural expectation that those moduli spaces are homeomorphic to each other except in the 
subspaces where the lump condition is violated. Furthermore, by considering effective actions 
within our formalism for the NLcxM lumps, we have obtained a conventional method to clarify the 
non-normalizability of the moduli parameters in general cases. By using this, we can conclude 
that in both the cases of U{1) x S0{2Mq) and U{1) x USp{2Mc) Kahler quotients, all moduh 
parameters of a single regular lump are non-normalizable except for the center of mass. 

An important observation of lump configurations in U{1) x SO{Nc) and U{1) x USp{2Mc) 
theories is the existence of a singularity in the target manifold. In those theories, a lump config- 
uration becomes singular without taking the zero size limit, simply if the configuration touches 
the singularity of the manifold, whereas a lump in the U{N) case is always regular with a finite 
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size and becomes singular only in the zero size limit. Especially, in the case of U{1) x USp{2Mc) 
with Np = 2Mc, only singular solutions (with a finite or zero size) exist. 

It is an important problem to determine the second homotopy group 'n'2{M.uii)x{so,uSp)) in 
the case of U{1) x SO{Nc) and U{1) x USp{2Mc) theories. To support stability of lumps in 
those models, we expect that 

T^2{Mu(l)xSO{Nc)) ^ Z X Z2 , T^2iMu{l)xUSp{2Mc)) - ^ > (5-1) 

where the Z2 charge for the U{1) x SO{Nc) case is naturally expected, since the corresponding 
local vortices have their charges due to 7ri(f/(l) x SO{Nq) 1X2) = Z x Z2 [58]. To determine the 
homotopy group in these cases is a complicated task since we have to take non-trivial directions 
of cohomogeneity into account, and a further study of the moduli space of lumps beyond counting 
dimensions also is needed. This problem still remains as a future problem. The relation between 
our solutions and the lumps in non-supersymmetric SO{N) QCD [69] is, therefore, unclear so 
far. In their case, the lumps are supported by the homotopy group 7r2[SU{N-F) / SO{Np)] ^ Z2. 
Therefore, these lumps are non-BPS. In our case, the gauge coupling constants for SO{Nc) and 
U{1) could be different although we did not consider it. Let g and e be the gauge couplings of 
the SO{Nc) and U{1) gauge groups, respectively. We have taken the strong gauge coupling limit 
for both the couplings, g,e ^ 00, in which case the gauge theory reduces to the NLaM of the 
U{1) X SO{Nc) Kahler quotient. Without taking the strong coupling limit for e, the size (width) 
for the "Abelian" vortices becomes larger as the U{1) gauge coupling e becomes smaller. 
In the limit of vanishing e, we expect that they disappear and only non-BPS Z2 lumps remain. 
It is important to clarify this point which also remains as a future problem. 

Besides these problems, there are many interesting future problems in the following. 

In certain models it has been proposed that the moduli space of vacua admits a Ricci-flat 
(non-compact Calabi-Yau) metric ^7\. In the case of the SU{Nc) Kahler quotient, a Ricci-flat 
metric was obtained by deforming the Kahler potential (12. ip of the original SU{Nc) gauge theory 
to K = f (Tr[QQ^e~^']) with an unknown function /, and solving the Ricci-flat condition (the 
Monge- Ampere equation) for / [71] • The metric turns out to be the canonical line bundle over 
the Grassmann manifold Gr/^Tp [Z3- It is certainly worthwhile to construct a Ricci-flat metric 
also on the SO and U Sp Kahler quotients. The expansion (13.341) should be enough to determine 
the unknown function / with a Kahler potential K = f ^Tr[V MAft]^ . 

An extension to hyper-Kahler quotients with other gauge groups, namely exceptional groups 
is also an interesting future problem. As in Eq. ( 13.14p for SO{Nc) and USp{2Mc) Kahler 
quotients, Kahler quotients may be achieved by introducing a proper constraint. For instance for 
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a Eq quotient, Tij^^e^'Y ^[e^'y ^[e^') ^ — Timn = is a candidate constraint to embed Eq into 
U{27), where Fj^fc is the third-rank invariant symmetric tensor of Eq. This will be achieved by 
introducing a Lagrange multiplier A'™" belonging to the rank-3 anti-symmetric representation. 
Since the study of vortices in U{1) x G' with G' being exceptional groups has been raised in [59] , 
lumps in these Kahler quotients are also interesting subjects to be studied. 

We should also consider hyper-Kahler quotients for other representations. In particular, 
including adjoint fields into our work is important because the resultant spaces appear as multi- 
instanton moduli spaces of SO{Nc) and USp{2Mc) gauge theories. 

In the case of the M = 2 hyper-Kahler NLaM, the only possible potential consistent with 
eight supercharges is written as the square of a tri-holomorphic Killing vector [73]. The explicit 
potentials can be found for instance for x*CP^~^ [74l [75] . toric hyper-Kahler manifolds [76] . 
T*Gri\f^M [01] and T*Fn [2T]. In terms of the hyper-Kahler quotients these potentials are obtained 
as usual masses of hypermultiplets in the corresponding M = 2 supersymmetric gauge theories 
|64j . For this massive deformed hyper-Kahler NLcxM one can construct domain walls which are 
the other fundamental 1/2 BPS objects; 1/2 BPS domain wall solutions in the U{Nq) hyper- 
Kahler quotient, namely T*GrN^fyf^, see [12]. Constructing a massive deformation and domain 
wall solutions in f/(l) x SO{Nc) and U{1) x U Sp{2Mc) hyper-Kahler quotients remains as future 
problems. 

Time-dependent stationary solutions, called Q-lumps [77], are also BPS states in a NLaM 
with a potential. Q-lumps were constructed in the CP^ model [77], the Grassmann sigma model 
{U{Nc) Kahler quotient) [75], and the asymptotically Euclidean spaces [52] • It is one of the 
possible extensions to construct Q-lumps in f/(l) x SO{Nc) and U{1) x USp{2Mc) Kahler 
quotients. 

As mentioned in the introduction, quantum corrections to the TV = 1 Kahler potentials are 
also an important and interesting future direction to follow up on. 

Finally, many extensions and applications of the present works include: dynamics of lumps 
[33] . cosmic lump strings [371 [381 IM] and especially their reconnection [15], composite states like 
triple lump-string intersections [32] and lump-strings stretched between domain walls [12], and 
the Seiberg-like duality [57] . 
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A Various Theorems and Their Proofs 

A.l SO{2Mc),USp{2Mc) Groups and Their Invariant Tensors 

Let us define the following sets of n-by-n matrices for e = ±1 

Inv,(n) = {J\J^ = eJ, = In} . (A.l) 
That is, elements of lnv^{n) are (anti) symmetric and unitary. 

Proposition: For arbitrary A G Inv_|_(2), there exists a 2-by-2 unitary matrix u such that 

A = u^u . (A.2) 
Proof: A general solution of A is given by 

e*'' cos 6 i sin 6 
i sin 6 e~^^ cos 6 

= e^(^^2+''"3) (cos ei2 + lai sin 6) esC^i^+P-^) _ ^t^ ^ ^^ 3^ 

with u = e5^<^ie5(^i2+p<T3) ^ ij^2). m 

Theorem 1-s: An arbitrary A G Inv_|_(n) can be written as 

A = u^u , (A.4) 

with an n-hj-n unitary matrix u. m 
Therefore we find, 

Inv+(n) ^ U{n)/0{n) . (A.5) 
40 



A = e 



A ^ A' = u'Ati 



Proof 1-s: It is easy to show that an arbitrary symmetric matrix can be rewritten as 

/ \ai\ hi ■•■ \ 

hi \a2\ 62 ■■■ 

62 ■•■ ■•■ e Inv+(n) , (A.6) 

■•. 

\ ^ ^ / 

with an unitary matrix u' . The matrix A' is also a unitary matrix and this fact leads to 61 = 
or 62 = 0. Therefore 



A' 



1 




or 



A(2) 

A(„„2) 



(A.7) 



where A(jn) G Inv+(m). Recursively, we find A' takes a block-diagonal form which diagonal 
elements are 1 or 2-by-2 symmetric unitary matrices. By using Proposition (lA.2p . we can show 
that there exists a unitary matrix u such that uAu^ = 1^, that is, there exists a unitary matrix 
u such that A = u^u. ■ 

By using a similar algorithm, we can show that 
Theorem 1-a: An arbitrary A G Inv_(2m) can be rewritten as 



A — u J^u, 



1 
-1 



(A.8) 



with an appropriate unitary matrix, u, {uu^ = l2m)- ■ 
Therefore we find 

Inv„(2m) ~ U{2m)/USp{2m) . 
A choice of G Iw^iji) defines a subgroup G^{J^) of U{n) as 

G,{J,) = {geU{n)\g^Jg = j] 



(A.9) 



(A. 10) 



Conversely, we can say that is an invariant tensor of G^{J^). 

Corollary 1: Arbitrary two elements J, J' G lnv^{n) are related to each other with appropriate 
unitary matrix u as, J' = uJu^ and corresponding group Ge{J) and Ge{J') are isomorphic to 
each other. ■ 

Therefore, from flA.4p and flA.Sp we find that G^{J^) is isomorphic to 0{n) and G-{JJ) is 
isomorphic to USp{n = 2m). 
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A. 2 Diagonalization of the Vacuum Configuration 



Theorem 2-s: Let us consider an arbitrary n-hj-m {n < m) matrix Q satisfying 
Then Q is always decomposed as 



(A.ll) 



Q = O 



V 



A. 











0/ 



u 



(A.12) 



where O e SO{n) with J = 1„ and U G U{m). 

Proof 2-s: Since QQ^ is symmetric and Hermitian, QQ'^ is a real symmetric matrix. Therefore 
it can be diagonalized as QQ'^ = OA^O^ with A = diag(Ai, A2, ■ ■ ■ , An) with Aj G ]R>o. ■ 

Theorem 2-a: Let us consider an arbitrary 2n-hj-m (2n < m) matrix Q satisfying 

jggt = (ggt)Tj ^ (A.13) 

with J = ia2 ® In- Then Q can always be decomposed as 



A 



Q = 

■■■ / 

where O G USp{2n) and t/ G ?7(m) and A = I2 ® diag(Ai, A2 







?7 



(A. 14) 



■ , An) with Aj G M>o. ■ 

Proof 2-a: The Hermitian positive semi-definite matrix QQ^ is always diagonalized as QQ'^ = 
mA^u^ with an appropriate unitary matrix u E U {2n). Then the condition tells us that X = u^Ju 
commutes with A^, [X, A^] = 0. We can set A to be positive semi-definite, then [X, A] = 0. 
Furthermore, we find XX'^ = l2„ and X"^ = —X. According to Theorem 1-a, thus, X turns out 
to be X = u^Ju = J by taking an appropriate u. This means u is an element of USp{2n). Here 
A takes a form I2 ® A', since [A, J] = 0. ■ 



A. 3 Diagonalization of a Non-Hermitian ( Ant i) symmetric Matrix 

Theorem 3: An arbitrary n-by-n (anti) symmetric matrix M, (that is, = eM) can be written 
in a block-diagonal form as 



(1) 



M = u 



\^^{2)\J{ 



(2) 



U 



(A. 15) 
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where J(fc) G InVe(nfc) and n = Ylik'^'^k- ■ 

Proof 3: MM^ is an Hermitian matrix and thus, can always be diagonahzed as 

MM^ =Mdiag( 1/2(1)1 2 |/i(2)rin2, ■■■)^^ (A-16) 

with a unitary matrix u and < Therefore, M = u^Mu* satisfies 

MM^ = diag (|/i(i)pl„,, |/i(2)pln2, ■ ■ ■) 

= {MM^f = M^M . (A.17) 

Note that M^^ = eM. This equation means that M is a normal matrix [M, M^] = and can be 
diagonahzed as 

M = Sdiag(/ii, /i2, ■ ■ (A. 18) 
with a unitary matrix u. By substituting this form to Eq. (lA.17[) . we find that 

1/^(1) P = 1/^1 P = I/^2P = ■■■ , 1/^(2) P = l/^ni+lP = ■■■ , |/i(3)P = ---. (A-19) 

and u should take a block-diagonal form as 

u = diag(M(i), M(2), ■ ■ ■ ) ) (A.20) 
where ti(fc) is an rik-hy-nk unitary matrix. Therefore, M also takes block-diagonal form as 

M = diag (|/i(i)|J(i), |/i(2)|J(2), ■ ■ ■) . (A.21) 

■ 

The meson field is always 'diagonahzed' by fixing the fiavor symmetry. Combining Theorem 

l-s(l-a) with Theorem 3, we find the following corollaries. 

Corollary 3-s: An arbitrary symmetric matrix M can be diagonahzed 

M = umu^, m = diag(|/ii|, |/i2|, ■ ■ ■ ) 5 (A. 22) 
with a unitary matrix u. m 

Corollary 3-a: An arbitrary anti-symmetric matrix M can be diagonahzed 

M = umu^, m=^ ^ diag(|/ii|, |/i2|, ■ ■ ■ ) > (A.23) 
with a unitary matrix u. m 

Corollary 3': An arbitrary n-hj-n (anti-)symmetric matrix M can be decomposed as 

M = Q^JQ . (A.24) 
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where Q is an n-by-m matrix and J G Inve(m) with m = rank(M). ■ 

The (anti) symmetric matrix M breaks the U{n) symmetry M uMu^ as 

^ / f("o)xOK)xOMx... _ 

[ f/K) X f/5p(2mi) X USp{2m2) x ■ ■ ■ 

where wq is a number of zero-eigenvalues of M. 



B Non-trivial Uniqueness Proof 

In this section, we prove the uniqueness of the solution to Eq. ( ]3.17p . Here we consider the 
SO{Nc) case. We can always write the A'^c-by-A'p matrix Q as 

Q=(q,O^U, UeU{NF), (B.l) 

up to U{Nc) transformation which rotates the columns of the A'^c-by-A'^c niatrix of Q. We can 
show that for M = CfJQ 

rankM = Nq ^ rankQ = A^c , 

rankM = iVc-l ^ rankQ = iVc - 1 , (B.2) 
since detM = det J(detQ)^ and A^c > rankQ > rankM is always satisfied. 

B.l Solution with rankM = Nq 

If the rank of M = Q^JQ is A'c, then M also has rank A"c- Therefore rankQ = A"c, namely Q 
is invertible and 



f/g^Q-yggt, (B.3) 

is a unitary matrix, Uq G U{Nc). In terms of this unitary matrix, we rewrite Eq. fl3.17|] as 

= U}^QU^Q*Q'JQUq = U^M^MUq . (B.4) 
Since Q and M are invertible, we find a unique solution of V 

= log ( g^i=gT ) . (B.5) 

VMtM 
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B.2 Solution with rank M = iVc - 1 



In this case rankQ = A^c ~ 1? we can use the U{Nc) rotation so that the A'^c-by-A^c matrix Q 
takes the form 



Q 



( 



\ 



Q 



0/ 



(B.6) 



where Q is an A''c-by-(A'^c ~ 1) matrix. We can introduce an A'^c-component vector p such that 



pT jg = p^jQ = , p^Jp = 1 



and the following A^c-by-A^c matrix has the maximal rank 



(B.7) 



(B.8) 



Note that with a given Q, the column vector p is uniquely determined up to sign. Since R is 
invertible, e^' can be decomposed as 



a 



(B.9) 



Here, B is an (A'^c ~ l)-by-(A'^c ~ 1) Hermitian matrix and a is a real parameter. Eg. (13.1 61) can 
be rewritten as 



e^"'jQQ^ = Q*Q^Je^' 



(B.IO) 



Substituting the above decomposition and multiplying R^J* from the left and J'^R* from the 
right, we find that 



B'M = MB, c = 0. 



From the condition for e^' E SO{Nc)'^, we find the following equations 

= 1, M^B^MB = 1nc~i ■ 



(B.ll) 



(B.12) 



Note that we can say that B and a are positive definite since c = 0. Combining the above two 
equations, we obtain 



B 



1 



a = 1 . 



(B.13) 
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Therefore we finally find a unique solution 

e^' = g— ^=Qt + . (B.14) 
VMtM 

Note that pp^ is uniquely determined for a given Q, namely for a given Q. Even if we could 
construct a similar solution for V in the case of rankM < Nq — 1, it is obviously expected that 
a matrix corresponding to pp^ would not be unique. These results exactly reflect the appearance 
of a partial Coulomb phase in the case of rank M < Nq — 1 . 



C Deformed Kahler Potential for USp{2Mc 



The expansion of the deformed Kahler potential of Eq. (I3.37P reads 
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where p!^ = + e^. The resulting curvature is 
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